
EART 265 Lecture Notes: Reynolds Averaging
and Turbulent Transport
Because turbulence is a chaotic system, we are not usually interested in predicting the details of the flow
field; rather we are often interested in predicting the statistical mean of the flow fields, such as mean
velocities. To understand how this is usually done, let’s write a 1-D energy equation:
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where S are sources of energy (e.g. radiation, radioactivity). Now, we decompose the temperature
T = T (x , t) into two components (this process is called Reynolds decomposition):

T (x , t) = T (x) + T ′(x , t) (2)

where T is the time-average of temperature and T ′ is the time fluctuating component of T around
T . We do this because we’re mainly interested in predicting the mean temperature in a flow T , and
would prefer to ignore the random fluctuations caused by turbulence as represented by T ′. Important
properties of T and T ′ are:

dT
dt = 0 and T ′ = 0 (3)

Now, if we use the Reynolds decomposition from Eq. (2) and substitute into Eq. (1), and do the same
for all the velocity components (u, v , w), and see what we get on the LHS::
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Now we take the time-average of the entire equation, since that’s what we’re interested in:
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Simplifying yields (derivations can be found in many textbooks):
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There are now two components derived from the advective term. The first represents the mean advec-
tion of energy by the mean wind, and the second term is the net turbulent transport of energy,
and is non-zero!

In general, if mean advection is substantial, it dominates over turbulent transport. But when the mean
advection is small, turbulent transport can be dominant. The latter is generally true in geophysical flows
in the vertical direction, since the mean vertical wind w ∼ 0.
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Turbulent Transport

Physically, turbulent transport can be thought of the consequence of mixing. In the presence of a
gradient (e.g. of temperature or ozone), mixing will tend to reduce the gradient, i.e. it will homogenize.
Cold cream on top of hot coffee exhibits a gradient that will be wiped out by turbulent mixing. The
turbulence in this case causes a net upward heat transport (hot coffee has a net transport upwards, and
cold cream has a net transport downwards). Note that once the cream and coffee are homogenized,
subsequent mixing can not lead to net transport.

Mathematically (changing to vertical coordinates z and w): w ′T ′ is not zero if fluctuations in w and
T are correlated. This is easily imagined in the case of convection, e.g. in the atmosphere. A parcel of
air moves upwards (w ′ positive) because it is warmer than the surroundings (T ′ positive). Conversely, a
parcel of air moves downwards (w ′ negative) because it is colder than the surroundings (T ′ negative).
In both cases, the product w ′T ′ is positive! Thus, taking a time average, i.e. w ′T ′, yields a positive
number!

Vertical (as an example) turbulent fluxes (recall that a flux has units of [stuff]/m2/s) can be given by:

• Fheat = ρcpw ′T ′ which has units of J/m2/s

• Fmomentum = ρw ′u′ should have units of ((kgm/s) / m2/s = kg/m/s2)

• Ftracer = w ′c ′ should have units of (kg/m2/s or mol/m2/s), where c is the concentration of the
tracer in units (kg/m3 or mol/m3)

Examples: temperature gradient in a floor-heated home; what is the vertical gradient in CO2 in the
boundary layer; what is the minimum surface nutrient uptake by phytoplankton (what does this corre-
spond to in carbon export?).

Turbulence Closure and Mixing Length Theory

Reynolds averaging leads to a problem in solving the Navier-Stokes or other non-linear equations: the
transport of, say, sensible heat energy depends not only on the mean flow (i.e. u), but it also depends
on turbulent quantities like u′T ′. This means that in while we started with two unknowns, u and T ,
we now have three that we must solve for: u, T , and u′T ′. But the number of equations remains two:
conservation of mass and energy. Therefore, any set of Reynolds-averaged equations is not closed - the
fundamental physics isn’t sufficient to define the problem. To close the problem, we need one additional
equation. The easiest way to do this is to somehow write u′T ′ in terms of u and T so we can eliminate
this term from the equations and solve for what we (probably) most care about, u and T . However,
there is no fundamental law (i.e. based on conservation of mass, momentum or energy) that tells us
how to do this (or, for that matter, that tell us this is even possible); therefore any attempts to do this
are semi-empirical at best and are thus parameterizations of turbulent flow.

One parameterization to close the equations is mixing length theory, which is the most common param-
eterization of turbulent mixing currently used in large-scale numerical models such as GCMs. In essence,
it treats turbulence as a diffusive process. By analogy to Fick’s Law, one can write that the turbulent
transport of some quantity a as:

w ′a′ ∼ −Ka
da
dz (6)
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This makes sense: the larger the spatial gradient of a, or the larger the diffusivity, the faster the transport.
All that remains is defining the turbulent or eddy diffusivity, which dimensionally must be:

Ka ∼ w ′ h

The length scale h is a typical eddy size, and depends on the problem at hand. OOM, it’s roughly the
size of the largest eddies since these have the most energy. (In detail, it’s found that h ∼40% of the
size of the largest eddies, which is known as von Karman’s constant.) For the atmospheric boundary
layer, typical values for w ′ and h are 1 m/s and 1 km, which predicts Ka ∼ 103 m2s−1, which is much
larger than molecular diffusion! Notice that we have now closed the turbulence problem by re-writing
the turbulent fluctuation term w ′a′ in terms of mean properties (for the most part – there’s the niggling
issue that Ka depends on a characteristic eddy velocity w ′)

Examples: Francis’ aftershave revisited; latent heat transport in boundary layer; how far downstream
of a river bottom toxic waste dump is the surface water contaminated; time scale for energy to be
transported through the Sun’s convective zone; spreading of a smoke plume.

In reality, turbulent transport depends on the flow setting. In a neutrally-stable fluid, if a temporary burst
of energy displaces a parcel of fluid upwards by some distance, then its final resting place will be the
location when the burst of energy is over. However, in a stable fluid, that parcel would return to its initial
vertical location after it loses all of its kinetic energy. In an unstable fluid, the initial motion will create a
much larger displacement than one would predict from the size of the initial burst alone. This latter case
is a more realistic view of, say, vertical transport in the atmosphere where convection dominates, rather
than pure shear-driven turbulent transport. As we might deduce from watching hang gliders, localized
but strong thermals are responsible for the majority of vertical transport of energy, water, etc., in the
atmosphere. In the ocean, primary downwelling regions such as in the Southern Ocean and the North
Atlantic dominate vertical transport.
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