
EART 265 Lecture Outline: Mass Transfer

Mass transport

To calculate di�usive or advective mass transport, we can use similar equations to those
derived from heat transport.

For di�usion, Fick's Law states that the �ux at any point is given by:

F = κ∇c ∼ κ
dc

dx

where F is the �ux measured in molm−2 s−1 or kgm−2 s−1

So the OOM estimate is:

F ∼ κ
∆c

L

For advective transport the �ux at any point is given by:

F = uc

[e.g. What is the rate of ozone production in San Bernardino <see the Powerpoint �gure
showing a map of ozone in the LA basin!>?]

Eulerian vs Lagranian transport

All the equations that we have been writing are valid for Eulerian frameworks, i.e. where
the coordinate system is �xed in space. This means that the net transport (heat or mass)
to a volume �xed in space is given by the spatial gradient of the �uxes, i.e. dF/dx. This
makes sense because if there's a �ux of heat/mass *into* a pond that is exactly balanced by
the �ux of heat/mass *out of* the pond, then there's no net transport. So we have generic
equations that look like

k
dQ

dt
= Σ

dF

dx
+ ΣS = κ

d2Q

dx2
− udQ

dx
where Q represents heat or mass or whatever you want to transport, k is a constant needed to
make the units work out, and S are any internal sources (or sinks, which would be negative
sources) such as chemical reaction or transformation of the species into a di�erent phase.
The LHS is termed the �accumulation� or �storage� or �tendency� term, depending on who
you talk to. The �rst term on the RHS is a di�usion term, and the second is the advective
term.

Sometimes you actually care about a Lagrangian part of a �uid. For example, if there is a
brief release of radioactive material into the atmosphere or ocean, one might be interested in
tracking its location and spreading with time. In this case, by de�nition, there is no advective
transport since the volume you are tracking follows the velocity. In that case, we re-write
the above equation as

k
DQ

Dt
≡ k

dQ

dt
+ u

dQ

dx
= κ

d2Q

dx2

where the operator D/Dt is called the material derivative or Lagrangian derivative or
total derivative.
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Mass transfer problems that are actually heat transfer problems

In problems where there is a phase change, a full solution requires simultaneously solving
the mass and heat transfer problems. For instance, evaporating liquid can cause the liquid
to cool, which will reduce vapor pressure and evaporation. Without any source of energy,
this will naturally be self-limiting. This implies that there are end-case scenarios where the
rate-limiting process is actually heat transfer. [Examples: melting ice in a cocktail; boiling
water until it freezes.] In these cases, the rate of mass transfer is actually the rate of heat
transfer. [Example: how much does it rain? Answer is the equivalent to 80 W/m2].

Addendum: The full class of such problems are ones where there is some kind of energy-requiring
(or endothermic) change within the system, of which phase changes like evaporation and
melting are examples. But some chemical reactions also �t this de�nition. The opposite of
energy-requiring is energy-releasing or exothermic.

Di�usion of Solutes

The di�usion of a dilute gas (say, CO2 in air) is not di�erent from the di�usion of any other
gas. Recall that our estimate is:

κ ∼ vλ

which yields 10−4 to 10−5 m2/s, and this holds for the di�usion of heat and mass since the
thermal motion of the gas is in fact the velocity of the gas particles.

In liquids, however, the di�usivity of heat is very di�erent from the di�usivity of a solute
(say, CO2 in water). Previously, we used the speed of sound as the characteristic velocity
for thermal di�usivity in liquids and derived κ ∼ 10−6 m2/s. For a solute in solution, the
appropriate velocity for di�usivity is the thermal velocity since this represents the actual
motion of the molecule, and we expect κm (m for mass di�usivity) to be smaller by the ratio
between the thermal energy (small) and the bond energy (much larger) in liquids. Therefore,

κm ∼ uλ ∼ λ
√
RT/M

where M is the molecular mass and λ is the mean free path of molecules moving about,
∼2a ∼2 Å, i.e. the molecular spacing. This yields di�usivities of solutes in solution of
∼ 5× 10−8 m2/s. If we compare this to, say, CO2 in water, we're o� by quite a bit (typical
values ∼ 3 × 10−9 m2/s). Here's an example where OOM shows us that we're missing
something in the physics. What might be wrong?

The problem with the above analysis is that, in liquids, the thermal energy represents the
combination of vibrational kinetic energy and translational kinetic energy. Solids are purely
vibrational, gases are purely translational, with liquids in between. Thus, in reality only a
fraction of the thermal energy is translational, but this is what we need to estimate di�usivity.
To say the same thing in a slightly di�erent way, molecules in a liquid are not close-packed
billiard balls, but sticky billiard balls. There are bonds between molecules, and this slows
down the actual translation of molecules. Another possible reason our estimate is high is
that in water, molecules (especially ions) tend to have the closest water molecule neighbors
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Table 1: Di�usivities of di�erent substances in water.

bound so tightly that they're more like an entourage, which makes the e�ective size of the
molecule larger, which increases M and thus decreasing di�usivity.

An important lesson that we take away from this exercise is that our initial OOM estimate
showed us that something was wrong because we were missing some important physical
understanding which we then uncovered by thinking about the problem more carefully.

Addendum (2019): It turns out that the Stokes-Einstein relationship (that we derive below)
actually works quite well for di�usion of molecules in liquids. Can you think of reasons
why this is surprising? Nonetheless, it's the go-to method of predicting mass di�usivities in
liquids and usually gets you close. In addition to getting the OOM correct, empirically, the
scaling of di�usivity on the viscosity and temperature of the liquid seems to work very well.
The relationship starts to break down when the di�using molecule is much smaller than the
liquid molecule (e.g. helium in water), but even then the underprediction is something like a
factor of 2 or 3. Note that our OOM predictions suggest that most of the variability in the
di�usivity has to do with the liquid, and has very little to do with the solute (since molecules
are all the same size as far as we're concerned). This turns out to be surprisingly good (see
the attached table)!

e.g. How long to dissolve sugar in a room temperature cup of water without stirring? How
much faster if it's nearly boiling? Maximum size of insects?

Note on length scales: put a single grain of salt (diameter L) in a large bath of water, and
a same-sized grain of another, less soluble solid like sugar with the same di�usivity, in a
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large bath of water. Which dissolves �rst? How can we reconcile this with the estimate that
t ∼ L2/D?

Di�usion of Particles

Particles in a �uid can also di�use by random walk (Brownian motion) driven by the thermal
energy of the surrounding �uid. For su�ciently large particles (how large is su�ciently
large?), though, the surrounding �uid looks like a continuous medium rather than a discrete
collection of molecules. In this limit there's no real meaning to mean free path so our previous
di�usivity equation is not applicable. We could estimate the so-called Stokes-Einstein relation
using dimensional analysis (try it!).

Alternately, we can do a force balance. The �uid drag resists the particle's motion and is
given by:

Fdrag = 3πηud

where η is the dynamic viscosity and d is the particle diameter, and I've added the appropriate
constant 3π even though we strictly don't know it by OOM estimation. We can write u in
terms of κ using v ∼ κ/λ were λ is some length scale characteristic of particle di�usion
(let's not worry about it too much - you'll see why later) [see below Addendum for what this
length scale might be]. The �force� that causes the particle to move is the thermal motion
of the surrounding �uid. So thermal energy kT is involved. But how to turn this into a
force? Well, we know energy = force × distance. Let's say that distance is characteristic of
di�usion, which we have already called λ. This yields:

Fthermal ∼
kT

λ

Balancing forces yields:
Fdrag ∼ Fthermal

3πµd
(
κ

λ

)
∼ kT

λ

To our great advantage, the λ cancels (a useful trick if you get lucky!) and yields:

κ ∼ kT

3πµd

which actually turns out to be exact (aided by our exact drag law). For a small particle of
smoke in air, d ∼ 10−7m and µ ∼ 10−5 kg/m s, yielding κ ∼ 10−10 m2/s. This is clearly much
smaller than other gases in air (is that sensible?).

Example: e�ciency of a hookah for removing harmful particles vs cooling.

Aside: A good λ might be the (e-folding) length scale associated with the momentum change
of the particle. This requires the particle to pass through an amount of �uid such that the
mass of �uid ∼ mass of the particle. This length scale is therefore given by:

λ ∼ d · ρparticle
ρfluid

4



Mass transfer gradients and saturation

It is often necessary to estimate ∆c for mass transfer problems. In one class of problems, the
gradient depends on the saturation of the �uid by the species that is being transported. For
gases, this saturation condition is termed the �vapor pressure� (contrast with �partial pres-
sure� which is measures the actual concentration of gas) of the liquid (or solid) and depends
on the equilibrium between evaporation and condensation (or sublimation/deposition in the
case of solids). For solutes in liquids, this saturation condition is termed the �solubility�,
and depends on the equilibrium between dissolution and precipitation.

Vapor pressure

For vapor pressures, there are two useful OOM estimates one can make. The �rst is called
Trouton's rule which posits that the entropy of vaporization at the standard (i.e. at 1 atm
pressure) boiling temperature Tb is �xed. This makes sense because at this temperature,
neither phase is thermodynamically preferred. This can be written as:

∆S(Tb) =
∆Hvap

Tb
∼ 10R ∼ 80 J/mol ·K

This allows conversion between the latent heat of vaporization and the boiling temperature
for most species. It breaks down for species that exhibit strong hydrogen bonding like water,
unfortunately.

Trouton's rule is also useful start for estimating the vapor pressure at di�erent temperatures
if you combine it with the Clausius-Clapeyron equation. The latter describes the change in
vapor pressure of a liquid as a function of temperature, and for ideal gases can be estimated
as

dp

p
=

L

RT 2
dT

where p is vapor pressure and L is the latent heat of vaporization. For small variations in
temperature near the boiling point, one could replace dp and dT with ∆p and ∆T . For
temperatures much lower than the boiling temperature, one can integrate this equation to
yield

ln
p2
p1

=
L

R

∆T

T2T1

Using Trouton's rule can yield a point (T, p) = (Tb, 1 bar) so the vapor pressure at some other
temperature can be estimated using Clausius-Clapeyron.

Solubility

Solubility values cover a huge range, as the speci�c properties of of the solute and solvent
matter a lot (a lot more sugar can dissolve into water than glass). Another complication is
that solubility is can be strongly temperature dependent (e.g. sugar), but some solutes show
very little temperature dependence. This makes it di�cult to do any useful estimation.
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Di�usion in porous media

In a porous solid, the e�ective di�usivity κeff of gases and liquids can be estimated from the
bulk di�usivity k0 as:

κeff =
κ0εδ

τ

where ε is the porosity (fraction of the volume that is not solid, dimensionless), δ is the
constrictivity = (dpores − dsolute) /dpores, a dimensionless value between 0 and 1, and τ is the
tortuosity, a non-dimensional value 1 and in�nity measuring how not-straight paths through
the porous medium are. A straight line is τ = 1 and a closed loop (such that the two ends
of a chord meet, e.g. a circle) has τ =∞.
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