
EART 265 Lecture Notes: Turbulence

Governing Equations

Recall the (simpli�ed) Navier-Stokes equation:

∂u
∂t

+ u · ∇u = −1
ρ
∇p + ν∇2u + g (1)

The term that causes these equations to be non-linear, and thus permit turbulence, is the advection
term u ·∇u. If Re is very large, then advection dominates viscous dissipation, which is the turbulent
regime. If Re is very small, then viscosity dominates advection, and the non-linear term can be
neglected, leaving a much more tractable linear problem that can be solved exactly in many cases.
If gravity cannot be neglected, then Fr will play a signi�cant role as well. Later in the notes, we will
break the velocity vector u into its x, y, and z component velocities, which we will denote as u, v,
and w, respectively.

Scaling Relationships

There isn't a good de�nition of turbulence, but what seems to be generally agreed upon is that tur-
bulence is a chaotic �ow. Chaotic implies sensitivity to initial conditions, but does not imply purely
stochastic (non-deterministic); indeed it is argued that turbulence is deterministic (i.e. the current
state permits prediction of a future state) because the Navier-Stokes equations are deterministic,
although the time scale for prediction may be extremely short. In addition, turbulence is a property
of a �ow, and not a �uid. The classical picture of turbulence (credited to Kolmogorov in a series of
papers that started in 1941) can be summarized as:

• Kinetic energy is input to a system at large length scales (comparable to that of the system).

• This drives eddies with length scales comparable to that of the system.

• Energy is passed to smaller length scales by breaking up larger eddies into smaller eddies (the
energy cascade).

• Eventually, the energy is passed to a length scale where viscosity is important, and the kinetic
energy of eddies at this scale is converted to heat by viscous dissipation.

In classical turbulence, energy can not be transferred from smaller scales to larger scales, only vice
versa. We'll de�ne some quantities of interest:

ε: energy dissipation rate. It is the kinetic energy dissipated by viscosity per unit time per unit
mass of �uid; it therefore has units of Wkg−1, which can be rewritten as m2 s−3. According
to classical turbulence, then, this is the rate at which energy is passed down from large scales
to small scales (where it is dissipated) via the energy cascade and is invariant with length

scale `.
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Figure 1: Turbulent cascade

`: length scale. Ranges from L, the overall length scale of the system, to λ, the Kolmogorov

(dissipation) length scale. In between these scales is the inertial subrange, where ` � L
and also ` � λ.

k: wave number, which is simply the inverse of length scale, i.e. k ∼ `−1 (o�cially it's k = 2π/`).

u`: velocity scale associated with length scale `. More speci�cally, this is �the r.m.s. value of the
velocity subject to bandpass �ltering, say of an octave around the wavenumber `−1� (Frisch,
1995).

t`: time scale associated with scale `, often termed the 'eddy turnover time', and can be de�ned as
t` ∼ `/u`. This is the typical time scale for an eddy of length scale ` to undergo �signi�cant
distortion� (Frisch, 1995). This is also the typical time scale for the transfer of energy from
scale ` to smaller scales, since this distortion is the mechanism for energy transfer.

E`: turbulent kinetic energy (TKE) per unit mass associated with length scale `.

Re(`): Reynolds number associated with length scale `.

ν: kinematic viscosity, units of di�usivity, i.e. m2s−1.

We'll use simple dimensional analysis to determine the relationships among these di�erent quantities.
TKE is de�ned as:

E` ∼ u2
` (2)
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The energy dissipation rate ε can be written as a combination E` and t`, or of u` and `:

ε ∼ E`

t`
∼

u3
`

`
(3)

Eqs. (2) and (3) are true across all length scales. If we re-arrange Eq. (3) for velocity, remembering
that ε is constant over `, we �nd

u` ∼ (ε`)1/3 (4)

which tells us that velocity, and hence TKE, increases with length scale. This equation can also be
rewritten in terms of a heat �ux F :

u` ∼
(

F

ρ

l

L

)1/3

(5)

where ρ is the density. The eddy turnover time is simply:

t` ∼
`

u`
∼

(
`2

ε

)1/3

(6)

At the Kolmogorov (or dissipation) length scale λ, viscosity converts TKE to heat. Thus, λ must
depend on ν and ε, which from dimensional analysis and some physical reasoning, leads us to deduce
the relationship:

λ ∼
(

ν3

ε

)1/4

(7)

The Reynolds number at any length scale is de�ned as :

Re(`) =
u``

ν
(8)

For many geophysical �ows (atmospheres and oceans), Re(L) is very large. For example, for the
boundary layer of Earth's atmosphere, we have typical values of uL = 1 ms−1, L = 103 m and
ν = 10−5 m2 s−1, which yields Re(L) = 108. The Kolmogorov scale is de�ned as the length scale
where viscosity and kinetic energy are comparable, which means that, Re(λ) ∼ 1, which is consistent
with Eq. (7). Combining Eqs. (7) and (8) also yields:

Re(`) ∼
(

`

λ

)4/3

(9)

which gives an alternate interpretation of Re(`) as related to the ratio of length scales between the
scale of interest ` and the Kolmogorov length scale.

Examples: characteristic turnover time in ocean mixed layer; the path of a butter�y; limit of physical
erosion in rivers; decay of turbulence in a box; energy dissipation in a cloud; extent downwind that
turbulence from a mountain range is felt; how fast does a cook have to whisk a vinaigrette; hail in
a thunderstorm and required latent heat release.
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Figure 2: 2/3 Law

Energy Cascade

One of the predictions of Kolmogorov 1941 theory is the gradient in TKE from large to small scales.
Just like heat �ows from high to low temperature, kinetic energy ��ows� from the source (eddies
with length scale L) to the sink (eddies with scale λ). In between, i.e. in the inertial subrange, there
must a gradient in TKE to cause this �ow, i.e. dE/d`, or equivalently, E = E(`). Combining Eqs. (2)
and (4) yields:

E(`) ∼ ε
2/3`

2/3 (10)

which is a famous prediction of turbulence theory. Fig. 2 shows measurements of S2(`), which is
equivalent to E(`), versus `, and demonstrates that this theory works very well.1

1Sometimes, Eq. (10) is transformed by two simple operations. First, ` is replace with its inverse, wavenumber k.
This yields E(k) ∼ ε

2/3k−
2/3. Second, E(k) is re-written as an energy density e(k), i.e. energy per unit wavenumber

(also known as the power spectrum), such that e(k) = E(k)
k

∼ ε
2/3k−

5/3 which yields the famous �5/3 power law�
dependence of e(k)on k.
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