
EART265 Order of Magnitude Phys & Chem
Viscous and permeable flow and convection

The flow of viscous fluids (e.g. honey, lava, solid planet interiors) is an enormous subject,
mostly because there are analytical solutions. In contrast, flow of low-viscosity fluids inevitably
results in turbulence, which is notoriously analytically intractable.

Viscosity η is the resistance to shear; you can think of it as the (shear) stress σ required to cause
a particular strain rate u/L: σ = η(u/L). The units of η (dynamic viscosity) are Pa s. Air and
water have viscosities of about 10−5 and 10−3 Pa s, respectively; the silicate Earth has a viscosity
of about 1021 Pa s, so there is a large variation! The kinematic viscosity ν = η/ρ and has units of
diffusivity (m2 s−1).

The standard incompressible Navier-Stokes equation reads
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where the last term on the RHS represents buoyancy forces. For viscous fluids, the advection term
on the LHS is small (Re = uL/ν � 1). For steady-state flow neglecting buoyancy forces we can
then write

∇P = ρν∇2u = η∇2u

Here is a case where caution is required! The pressure gradient ∇P is along the flow direction.
But the viscous resistance is provided by shear, that is velocity gradients perpendicular to the flow
direction. So there are two different lengthscales of interest - the down-flow lengthscale L and the
across-flow lengthscale D.

So we can write, in an order-of-magnitude sense
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where ∆P is the pressure drop over the distance L. Thinner pipes, smaller pressure gradients and
higher viscosities result in slower flow.

Example If you press your teaspoon down into a jar of honey and then remove it, the hollow
will take time to fill in. Write down an expression for this timescale. What is the viscosity of honey
at room temperature?

Example Write down an expression for the rise velocity of a blob of diameter D and positive
buoyancy ∆ρ ascending through a viscous fluid.

Viscous dissipation
A useful expression is that the viscous dissipation rate per unit volume is ∼ η(∇u)2 ∼ η(u/D)2,

where ∇u is again the strain rate.
So the dissipation rate per unit mass in a pipe of diameter D is ∼ νu2/D2 and the total energy

dissipated within that fluid packet as it travels a length L is ∼ (νu2/D2)(L/u). But we already
defined this quantity in terms of the friction factor f (see previous lecture). A useful way of
thinking about f is that f−1 is the number of pipe diameters the flow can travel before slowing
down significantly.

From the definition of f the energy drop per unit mass is
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which means that for a viscous fluid

f ∼ 1

Re

Lower Reynolds numbers (higher viscosity) imply more dissipation. This result breaks down at
higher Re as things become turbulent; in the high-Re limit the dissipation rate becomes independent
of viscosity (as expected), and instead depends on the pipe roughness.

A similar analysis can be peformed for external flows around an obstacle with the drag coefficient
being the equivalent to f . As before, at low Re you find that the drag coefficient CD ∼ 1/Re and
at high Re the drag coefficient is approximately independent of Re (see Figure).

Example Mammals can sustain a power output of about 10 W/kg for a few minutes. What is
the drag coefficient of a dolphin?

Porous flow
In geology, fluid flow often occurs through a porous medium, like sand. Porous media can be

thought of as small tubes (diameter s) separated by a distance d which might be controlled e.g. by
the size of the sand particles. For long straight tubes, the porosity φ ∼ (s/d)2. Because the fluid
only flows through the tubes, the bulk fluid velocity ū (often called the Darcy velocity) is much less
than the actual flow velocity u through the tubes: ū ∼ φu.

For an individual tube we can use equation (1) to write

u ∼ ∇P
s2

η

so we have

ū ∼ ∇P

η

s4

d2
∼ ∇P

η
[d2φ2]

The quantity d2φ2 is often written as the permeability k. The resulting expression, relating
bulk fluid velocity to viscosity, permeability and pressure gradient is known as Darcy’s law.

The permeability has units of m2 and can be thought of as the available cross-sectional area
for the fluid to flow through - higher permeability results in larger bulk velocities, and results
from higher porosity or larger grain sizes. Different geometries of pores result in slightly different
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dependencies of permeability on porosity, but the units are always m2. Geological permeabilities
are small but highly variable; 10−12 m2 would be a large value.

Example Write an expression for the drainage timescale of a saturated porous column of height
h, permeability k and porosity φ. The density contrast between fluid and matrix is ∆ρ.

Example Use the observation of footprints in the beach filling with water to estimate the
permeability of beach sand.

Fluids in porous media take time to respond to external changes in pressure. Because the
time lag depends on the permeability, measurements of the response allow the permeability to be
determined (which oil companies find useful).

Convection
Convection deals with moving fluids in which there are spatial variations in temperature or chem-

ical concentration. In forced convection, these variations do not influence the flow significantly, and
heat/chemistry are advected around passively. By contrast, in free convection, it is the variations
in heat/chemistry which control the fluid motion. We will focus on the latter situation.

Part of the reason free convection is complicated is that there are two governing equations (plus
mass conservation) which have to be satisfied simultaneously.

Conservation of energy gives (see Week 3)

∂T

∂t
+ u∇T = κ∇2T +

H

ρCp

(2)

An equivalent equation can be written if it is some chemical species, rather than heat, which is
being conserved.

Lateral variations in temperature give rise to buoyancy forces which drive convection. A parcel
of material which is ∆T hotter than the surroundings will have a density contrast of ρα∆T where
ρ is the background density and α is the thermal expansivity. It will experience an upwards force
per unit mass of gα∆T . Compositional convection can also be modelled, except here the density
contrast is given by ραcc, where c is a concentration variable and αc is the compositional expansivity.
In the Boussinesq approximation, variations in density except those due to thermal/compositional
effects are ignored. For compressible materials (e.g. gases) this is a bad idea!

Conservation of momentum therefore gives (see above)

∂u

∂t
+ u∇u = ν∇2u− ∇P

ρ
+ gα∆T (3)

Note that equations (1) and (2) are coupled because u depends on ∆T and T depends on u.
As usual, a good way to start is by balancing terms. Let’s look for some characteristic timescales.
For heat, the advection timescale is d/u and the diffusion timescale is d2/κ, so the ratio is

∼ ud/κ. If this number � 1, then advection dominates heat diffusion (recall that u will approach
zero at boundary layers, so diffusion cannot be entirely ignored!).

For momentum, the equivalent ratio is ∼ ud/ν = Re, the Reynolds number. This tells us
whether flow is laminar or turbulent.

If the Reynolds number is small (laminar regime), then we can work out whether heat or mo-
mentum diffuses faster by looking at the ratio of the two diffusion timescales. This ratio is called
the Prandtl number:

Pr =
ν

κ
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The Prandtl number is a property of the fluid, and for many gases and liquids it is ∼ 1 − 10 (i.e.
momentum diffuses more rapidly than heat). Liquid metals have Pr <1. For the Earth’s mantle,
the Prandtl number is effectively infinite. If Pr = 1 then the thermal and mechanical boundary
layer thicknesses are equal.

Continuing at low Re, in steady flow we can balance equation (2) and obtain a characteristic
velocity

u ∼ gα∆Td2

ν

where d and ∆T are a characteristic lengthscale (e.g. layer thickness) and temperature contrast.
This in turn gives us an advective timescale t ∼ d/u ∼ ν/gα∆Td.

For (free) convection to occur, the advective timescale has to be shorter than the heat diffu-
sion timescale d2/κ - otherwise a rising blob would lose all its heat. This allows us to define a
characteristic number describing the vigour of convection, the Rayleigh number:

Ra =
gα∆Td3

κν
(4)

Another way of thinking about Ra is that it is the competition between thermal buoyancy and
viscous dissipation: if the former wins, convection will occur, whereas if the latter wins, the fluid
will not move and heat will be transferred by conduction.

For convection to occur, the Rayleigh number must exceed a critical value (Racr,∼ 103). Higher
Rayleigh numbers produce more vigorous convection. The Rayleigh number controls essentially all
aspect of convection.

Example: The Earth’s mantle has a viscosity of 1017 m2 s−1. What is its Rayleigh number?
Example: If we wanted to simulate the Earth’s mantle using honey, how big a pot of honey

would we need?
Example: What is the Rayleigh number of a magma lake?
Example: What controls how deeply a convective plume can penetrate into a stably-stratified

layer? (This is relevant to e.g. the interiors of stars).

Convection in porous media is governed by a similar dimensionless parameter to (4), except
that rather than d3 we use dkperm where kperm is the permeability in m2 (think of it as the effective
cross-sectional area available for fluid flow). Since typical terrestrial permeabilities are in the range
10−8 − 10−16 m2, it is apparent that convection in porous media requires either very low fluid
viscosities or very large buoyancy contrasts.

Buoyancy flux
A powerful way of thinking about convective systems is to consider the buoyancy flux Fb. This

is typically expressed in W kg−1(= m2s−3) and is a measure of the rate at which gravitational
potential energy is being added to the system. The higher the buoyancy flux, the more power is
available to drive convection.

If the buoyancy is due to a compositional contrast (e.g. fresh vs. salty water) then the buoyancy
flux is Fb ∼ gv(∆ρ/ρ), where g is gravity, v is the rate at which the material is being added (m/s)
and ∆ρ/ρ is the fractional density contrast.

In thermally-driven convection, the buoyancy contrast arises because of a change in temperature
- rather than adding low-density material, you are changing the density at a rate dependent on
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how fast heat is being added. In this case, you can show that the equivalent buoyancy flux is
Fb ∼ gαF/ρCp, where F is the heat flux, α is the thermal expansivity, Cp is the specific heat
capacity. Notice that this term appeared in the equation for u above.

The advantage of the buoyancy flux is that it provides a simple way of estimating the power
driving convection. In steady-state, this addition of power is balanced by some other effect.

For instance, in laminar convection, the balancing effect is viscous dissipation. The volumetric
rate of dissipation goes as η(u/d)2, where u is the velocity and d the fluid layer thickness. Balancing
dissipation against the buoyancy flux, we obtain the result that u ∼ Ra1/2 for bottom-heated
convection.

In rotating systems, one balancing effect is the Coriolis acceleration. The Coriolis power per
unit volume goes as u2Ω, where Ω is the rotation angular frequency. Balancing this against the
buoyancy flux, we obtain u ∼ (Fb/Ω)1/2.

In fully turbulent systems, the power is ultimately dissipated at small length-scales by viscosity
(see Turbulence). The turbulent velocity u(l) at a lengthscale l is given by u(l) ∼ (Fbl)

1/3.
Example Ice-covered bodies of liquid water may have convection driven by geothermal heat.

Estimate the characteristic convective velocity for such a body on the Earth (g ≈ 10 m s−2) and
Enceladus (g ≈ 0.1 m s−2).
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