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Last weelk Seismology

A Seismic velocities tell us about interior properties
K+4G
— |G — 3
Vv, = /¢ V==

A AdamsWilliamsonequation allows us to relate
density directly to seismic velocities

dr(r) _ r(r)g(r)
dr V2 - 4V7
A Travekltime curves can be used to infer seismic
velocities as a function of depth
A Midterm
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This Week' Fluid Flow & Convection

A Fluid flow andNavierStokes

A Simpleexamples andcaling arguments

A Postglacial rebound

A What is convection?

A Rayleigh number and boundary layer thicknes:
A Adiabatic temperature gradient

A SeeTurcotteand Schuberth. 6
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Viscosity

AYoungdéds modul us gives tt}
given deformation (strain) applies to a solid

A Viscosity is the stress required to cause a given strail
rateT applies to a fluid

AVi scosity is basically t
elastic S = Ee S :@é ViSCOUS

Youngds modul uviscosity
A Kinematic viscosity? measured in Pa s

A [Dynamicviscositynn = Ameasured im?2s?]
A Typical values for viscosity: water #@Pa s, basaltic lava
10* Pa s, ice near melting ¥Pa s, mantle POPa s

A Viscosity often temperatw@ependent (see Week 3)
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Defining Viscosity
ARecallS =hé&

A Viscosity is the stress generated for a given strain rat
A Examplei moving plate:

—— (Shear) stress required to generate
:’ h Id velocity gradienu / d(= “—)

e VISCOSIty /=5 d / U

A Examplei moving lava flow:
2 Driving shear stress Agd sing
N Surface velocity =rgd? sing/ h

e.g. Hawaiian flowh=10* Pa sg=5° d=3m
0 givesu=2 ms! (walking pace)
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Adding In pressure

A'In 1D, shear stress (now usifigis £ =/4y
ALet 0s uamslysvariesdn the direction

uz : : :
t+y?  Viscousforce (x direction

Fluid velocityy B,
- per unit volume):
% — Ty
4
A ¥ Pressure forcé& direction
X .
- — > per unit volume):
< X P IJ.P

Fo=-—

Why the minus sign?
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Putting It together

A Total force/volume = viscous + pressure effects
F=F+F =" al _h”” il
Ly X by* X

A We can us&=mato derive the response to this force

Du
ma= fVFt « What does this mean?
A So thelD equationof motionin the x direction is
Du_ WP +h,.y uQ | whatdoes each term
Dt LIX E § represent?
A In they-direction, we would also have to add in

bUOyanCy forcegjue to graVIty)Fb — Drg:_NimmoEARTl62 Spring 08




NavierStokes

A We can write thgeneral (3D) formulén a more
compact form given belowtheNavierStokes equation

A The formula is really aanemonid it contains all the
pPphysi cs VyouoOr esingleequationy t o
A The vector form given here is general (not just Cartesiz

N\

ellu .. [} -
g“— U GDQH:thu _PP+Drg¥§
\ t B
Yuk! Inertial term.
Source of turbulence.
See next slide.

Zero for steady Diffusion-like viscosity ~Buoyancy force (e.g.
term.Warning D%u is thermal or electromagnetic)

complicated, especially _E IS a unit vector
in nonCartesian geom. F.NimmoEART162 Spring 08
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Reynolds number

< 2
r S Juddu :h“—l:- PP+F
&Lt Ly
A Is theinertial or viscousterm more important?
A We can use a scaling argument to get the Rdio

p Re= rul Herel is a characteristic
A\ A lengthscale of the problem
A Reis the Reynolds number and tells us whether a flow

turbulent (inertial forces dominate) or not

A Fortunately, many geological situations allow us to
neglect inertial forcedRe<<1)

A E.g. what iRefor the convecting mantle?
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Example i Channel Flow

e =

(Hereud o0 e s n 0 tx-direc@ianly | n

A 2D channel, steady states0 aty=+d andy=-d
1 (P-P
u:2h( 1L O)[d2_ y2]

A Max. velocity (at centreline) &P/L) #/2h
A Does this result make sense?

A We could have derived a similar answer from a
scaling argumerit how?
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Example A falling sphere

&t H wy? @
Steadystate. What are the important h
u

terms?
N\

An order of magnitude argument gives drag fordaur
Is this dimensionally correct?

The full answer 16p fr, first derived by George Stokes In
1851 (apparently under exam conditions)

By balancing the drag force against the excess weight of

sphere 403D g/3) we can obtain theerminal velocity

(hereD ns the density contrast between sphere and fluid
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Postglacial Rebound

%
< >
L
mantle

LU

A Scaling argument;y = =

A Postglacial rebound problem
How long does it take for the
mantle to rebound?

A Two approaches:
I Scaling argument
I Stream function T see T&S

h””-DP

A Assumeu is constant Ftteadylﬁi)w) and that dw/dt

A We end up with 1 dw

rgb

w dt

A What does this equation mean?

h

decay constant
4 \
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Height {(m)

Prediction and Observations

A Scaling argument gives: h
w=w,exp(-t/t) ~——
rgb
Relative Sea Levels in SE Hudson Bay Hudsonos Bay
Bl | ~1000 km,/=2.6 ka

300 4=

' Soh~-2x1F1Pas

200 4
4 So we can infer the viscosit
100 - of the mantle
| Relaxation h
; Time ~ 2.6 ka - A longer wavelength load
9 -8 -7 -6 -5 -4 -3 -2 -1 0 would sample the mantle tc
Age (ka from present) greater depths higher

http://www.geo.ucalgary.ca/~wu/TUDelft/Introduction.pdf . .
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A Convection arises because fluids expan
and decrease In density when heated

A The situation on t

Convection

Cold- dense

ne right gravitationally

unstable’ hot fluid

will tend to rise

A But viscous forces oppose fluid motion, S®iot- less dense
there is a competition between viscous and
(thermal) buoyancy forces

A So convection will only initiate if the buoyancy forces

are big enough

A What is the expression for thermal buoyancy forces?
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Conductive heat transfer

A Diffusion equation (1D, Cartesian)
2T H
Uz

T

W, Wl

L 4

!

Advected Conductive
component component

A Thermal diffusivityk=k/rC, (m?s?)
A Diffusion timescale:

— B

o~

Heat
production

[ ~—

d2
K
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Convection eguations

A There are two: one controlling the evolution of
temperaturgthe other the evolution etlocity

A They arecoupledbecauséemperature affects flow
(via buoyancy force) anitow affects temperature
(via the advective term)

vuv

Navier fﬂ —/7 .

Stokes Mt C

o 2 2 ~
AT T
¢kt K s

A It is this coupling that makes solving convection
problems hard

8 PP+ rgal | Buoyancy force

Note that here the{$ equation
IS neglecting the inertial term

Thermal HT
Evolution Lt

VAT |advective term
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Initiation of Convection

T t tureé
A Recall buoyancy forces favour —, —=" emgera urg,

motion, viscous forces oppose it | |+ >
Incipient upwelling

A Another way of looking at the  d T
problem is there are two competing 0
timescales what are they?

Hot layer

a v
\ Bottom temp.T;

A Whether or not convection occurs is governed by the
dimensionlessKayleigh numberRa:

o 79a(T - T)d’
K h

A Convection only occurs Rais greater than theritical
Rayleigh number~ 1000 (depends a bit on geometry)
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Constant viscosity convection

cold T, Ty (TotTy/2

A Convection results in hot

| A
and coldooundary layers = T ¥
and an isothermal interior Isothermal |y ;
A In constantviscosity interior

convection, top and botto |

b.l. have same thickness hot Ty % | Tl'
A Heat isconductedacross boundary layers, =kt

A In the absence of convection, heat fluxk_ =k (lejTo)

A So convection gives higher heat fluxes than conduction

A TheNusselt numbedefines the convective efficiency:
F d

— _ conv —
F

cond
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Boundary layer thickndess

< >

A We can balance the timescale for = b
conductive thickening of the cold
boundary layer against the timesca I |
for the cold blob to descend to obt
an expression for the b.l. thicknegs

e 13
d~d(Ra

A So the boundary Tayer gets thinner as convection
becomes more vigorous

A Also note that/is independenof d. Why?

A We can therefore calculate the convective heat flux:
o /3
(T,- T,) (T,- T,) 3 _kargaQ 413
F. .=k ~k Ra’® == T,- T
o™ o 2d 2% 8 1 To)

= F.NimmoEART162 Spring 08




Example- Earth

o L3
karga Q a3 Moes this equation
(Tl B To)

FCO”VZE%) k /7@ make sense?

A Plug in some parameters for the terrestrial mantle:

r=3000 kg ¥, g=10 ms?, a=3x10°K-1, k=10° m?st, A=3x1C*' Pa
s, k=3 W miK-, (T,-T,) =1500 K

A We get a convective heat flux of 170 mv¥m

A This is about a factor of 2 larger than the actual
terrestrial heat flux (~80 mWm) 1 not bad!

A NB for other planets (lacking plate tectoniag)ends to
be bigger than these simple calculations would predic
and the convective heat flux smaller

A Given the heat flux, we can calculdtermal evolution
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Thermodynamics & Adiabat
A A packet of convecting material is often moving fast
enough that it exchanges no energy with its surroundi
A What factors control whether this is true?

A As the convecting material rises, it wélkpand(due to
reduced pressure) and thus do wk=£ P dV)

A This work must come from the internal energy of the
material, so it cools

A The resulting change in temperature as a function of
pressuredT/dP) is called an adiabat

A Adiabats explain e.g. why mountains are cooler than
valleys
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Adiabatic Gradient (1)

A If no energy is added or taken away, éméropyof
the system stays constant

A EntropySis defined by dS= —
T

HeredQ is the amount of energy added to the system (so if
dQ=0, thendS=0 also and the system is adiabatic)

A What we want |s“— at constahtHow do we get it?
A We need some cIJeflmtlons

Q| _ —1 (}M) 1S =
Tl ~ MG a=v\ir Plr = urlp
Specific heat capacity (at Thermal expansivity Maxwel | 6s 1 c

constan®) F.NimmoEART162 Spring 08



Adiabatic Gradient (2) l—’T

A We can assemble these pieces to getihe
adiabatic temperature gradient _ ..

ar _ ar

dP rC,

ANB Youdre not going to b
derivation, but you do need to learn the final result

A An often more useful expression can be obtained by

converting pressure to deptmow?)
dT _agl
N dz C,

A What are typical values for terrestrial planets?
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Summary

A Fluid dynamics can be applied to a wide variety of
geophysical problems

A NavierStokes equation describes fluid flow:
r U u =hD’u- DP+Drg¥
"8 H A Z
A Postglacial rebound timescalg: ~ ——
rgb

A Behaviour of fluid during convection is determined by ¢
single dimensionless number, the Rayleigh nundzer

3
R = rgabDTd
K h
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End of lecture

A Supplementary material follows
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Incompressibility & Stream Function

Aln many fluids the tot al
aX

T hmde
: viy)
wedy Vo = GKA[V(Y +dY) - V(Y)] .
: — a\
""""" + dydu(x+dk) - u(x)]
fV=Vythen +—+1> =[P Q=0 |ncompressiviity
HX My

A We can set up stream functio which automatically
satisfies incompressibility and describes both the
horizontal and the vertical velocities:

Ly W

V=- Note that these satisfy incompressibility

u=-—"
Ly X
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Stream Function

A Onlyworks in 2 dimensions
A Its usefulness is we replage/with one variablg

2..,2 2, & 2,.,2 2., X
_£+h%7l:+“_l;§:0 _“_P+h%+u_\2/§:0
X ¢ Hz = Lz ¢ +

g ” . Check signs here!
2 143/ 3; &
-£+hg§uzj +“_/3§:0 £+h§ai.1/ U/ Q_
X ciX'pz Pz - bz (;TJX pzpx 2

Differentiate LH ecﬁw.r.iz and RH w.r.ix

u/4 LY/ [54/- :OJ

a
T

Thevelocity field of any 2D viscous flow satisfies this equation
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Postglacial rebound and(1)

A Biharmonic equation for viscous fluid flow
W o W MY
iz oz

A Assumédwhy?)/ is a periodic functiog =sin kx Y(y)
Herek is thewavenumber 20/

A After a bit of algebra, we get

7\ J :sink>(Ae' Y +ByeY +CdY + Dyé‘y)

A All that is left () is to determine the constants which ar
set by the boundary conditionsn real problems, this is

often the hardest bit
A What are the boundary conditions?
A u=0 atz=0, v=dw/dtat z=0, u=v=0 at largez
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Postglacial rebound and(2)

A Applying the boundary conditions we get

j = Ae “sink{1+k2)
A We havedw/dt=v=- £ :
v = kAe* coskql+kz) (1)

A Vert. viscous stress at surfaze@) balances deformation:
Fr'gW=s__ = P - Zbég Why can we ignore this term?

A For steady flow, we can derivefrom NavierStokes

- u ”“O_o . Y P=2nAK? coskx(2)
IX (;TJX pz* 2
A Finally, eliminatingA from (L)and2)we get (at last!):
This ought to look 1dw_ rg

familiar . . . -
W dt 2hk F.NimmoEART162 Spring 08




Postglacial rebound (concluded)

ldw_ rg e rg @
w dt 2th W= TP 2/7|<tu

A So we geexponentiablecay of topography, with a time

constant depending on wavenumbdgrand viscosity )

A Same result as we got with the scaling argument!

A Relaxation time depends aravelengttof load

A Relaxation time depends eiscosityof fluid
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Rayleigh Taylor Instability

A This situation igyravitationally
unstablaf r, < r,:any
infinitesimal perturbation will grow
b I m

A What wavelength perturbation
grows most rapidly?

A The full solution is v. complicated (see T&S18)i so

|l et 6s try and think abou
L L

< > < >

Tu,

U, — b |
_2u1 u :uL _u2_u1/
4= T

F.NimmoEART162 Spring 08



R-T I nstabi | 1t

A Recall from Week 5: dissipation per unit volumer#?
A We have two contributions to total dissipatidh,@& )
A By adding the two contributions, we get

3/ ZA/40\

P.. nmL
i % ‘\,_@term

A What wavelength minimizes the dissipation?

&, term

A We end up with dissipation minimized/at. =1.26 b

A This compares pretty well with the full answ2r57b)
and saves us about six pages of maths
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R-T 1 nstabi | 1t
A The layer thickness determines which wavelength
minimizes viscous dissipation

A This wavelength is the one that will grow fastest

A So surface features (wavelength) tell us something ab
the Interior structure (layer thickness)

Salt domes in S Iran. Dome
spacing of ~15 km suggests salt
layer thickness of ~5 km, In
agreement with seismic

s e observations

" ~50km

F.NimmoEART162 Spring 08



