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Last Week

A Applications of fluid dynamics to geophysical
problems

A NavierStokes equation describes fluid flow:

r Y L u@®u?=AD%- DP+Drgf

g t =

A Convection requires solving tlveupledequations of
heat transfer and fluid flow

A Behaviour of fluid during convection is determined by
single dimensionless number, the Rayleigh nuniser

3
R = rgabTd
K h
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This Week Tides and Orbits

A Planetary tides are useful for two reasons:

I We can use observations of tides to constrain the internal
structure of planetary bodies

I Tides play an important role in the orbital (and thermal)
evolution of some bodies

I To understand the second point, we need to learn (a small
amount) of orbital dynamics, if time permits
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Tides (1)

A Body as a whole is attracted

with an acceleration &Gm/& a o
A But a point on the far side (R m

experiences an acceleration =

Gm/(a+R¥

A Thenetacceleration i2GmR/& for R<<a

A On the neaside, the acceleration is positive, on
t he far si de, |l t 0S negat

A For a deformable body, the result is a symmetrical

tidal bulge: @
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Tides (2)

A It is often useful to think about tidal effects in the
frame of reference of the tidalyeforming body

E.g. tides raised on Earth by Moon  E.g. tides raised on the Moon by Earth

(Earth rotates faster than Moon orbits, (Moon rotates as fast as the Earth app.
you feel the tidal bulge move past you}o orbit, the bulge is (almost) fixed )

&t et

Earth Moon Moon Earth

Alf the Moonds orbit were
appear fixed in space and the tidal bulge would be st:
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Tides (3)

m
satellite

_ m
A Tidal potential aP V=- GE (recall acceleration =pv )
\ R . ~2 1/2
. aRQ ¥
A Cosine rule b= aél 2%—8(303’ ae~8 U
g ¢ca- ¢a=+g
A (R/a)<<1, so expand square root
A
ARQ 1 @
+§%8 —(Sco§/ 1)+3 0
Constant Mean gravitational Tide-raising part of
i acceleration@Gm/&) the potential
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Tides (4)

A We can rewrite the tideaising part of the potential as
- Gm3 R2%(3COSZ/' - 1):- HgPR (cos/ )
a

A WhereP,(cos/ ) is a Legendre polynomiad,is the surface
gravity of the planet, ani is theequilibrium tide

o M ~3 This is the tide
g= GM H = Rm%eg raisedon the Earth
R’ Mca-=+ by the Moorm

A Does this make sense? (e.g. the Moon BLG0/m=81)

A For a uniform fluid planet with no elastic strength, the
amplitude of the tidal bulge (®/2)H

A An ice shell decoupled from the interior by an ocean will have
a tidal bulge similar to that of the ocean

A For arigid body, the tide may be reduced due to the elasticity

of the planet (see next slide)
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Effect of Rigidity

A We can write a dimensionless numb@r  which tells
us how important rigidityzas compared with gravity:
-~ 19 m | . .
m= (gis acceleration/ is density)
2 rgR
A For Earth/m10' Pa, san ~3 (gravity and rigidity are comparabl
A For a small icy satellite7#10° Pa, son ~ 1rigidity dominates)

A We can describe the response of the tidal bulge and tidal poten
an elastic body by theove numbers, andk,, respectively

A For auniform solidbody we have:

=5/2 k2_3/2

1+ m 1+ m

A E.g. the tidal bulge amplitudkis given byd=h, H (see last slide)

A The quantityk, is important in determining the magnitude of the
tldal torque (See Iater) F.NimmoEART162 Spring 08



Why do Love numbers matter’?

A Because we can measure the tidal bul -~
and deduce the rigidity of the planet! & g

A How do we measure the tidal bulge?

A.E.H. Love

A Example:the solid part of the Earth has a fortnightly
tidal amplituded of about 0.2m. What is the effective
rigidity of the Earth?

For EarthH=0.35m andl=h,H, soh,=0.6

5/2 _
h,=""%  Soifi=3 7= M 5ome100 GPa
+m 2 rgR

What do we conclude from this exercise?
How do we reconcile this with mantle convection? Lord Kelvin



What can the Love number tell us about
Internal structure?
A Most planets are not uniform bodies

A If the planet has dense corgthen the Love number will
pe larger than that of a uniform body with equal rigidit)

A If the planet ha®ow-rigidity layers the Love number
will be larger than expectehy is this useful?
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Effects of Tides

In the presence of frictioim the primary the

tidal bulge will be carried ahead of the satel

(1 f 1t 0 ssynbheyoasrdidtangeh e

This results in a torque on the satellite by th

bulge, and vice versa.

The torque on the bulge causesithe a n e

rotation to slow down

The equal and opposite torque on the satell

causes its orbital speed to increase, and so

satellite moves outwards

The effects are reversed if the satellite is

. within the synchronous distance (rarehy?)
------- Here we are neglecting friction in the satellit

which can change things.

The same argument also applies to t
the planet 1 s I n orbit and generate
rotation. Because the tide raised by the planet on the satellite is large, so is the
torque. This is why most satellites rotate synchronously with respect to the plai
they are orbiting. F.NimmoEART162 Spring 08
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Tidal Torgues

A Examples of tidal torques in action

" Almost all satellites are in synchronous rotation
Phobos is spiralling in towards Marsi{y?)

So is Triton (towards Neptunéyhy?)

Pluto and Charon are doubly synchronouby(?)

Mercury Is in a 3:2 spin:orbit resonance (not known until
radar observations became available)

The Moon is currently receding from the Earth (at about
3.5 cm/yr), and the Eartho
150 million years, 1 day will equal 25 hourgyhat

evidence do we have? How could we interpret this in terms
of angular momentum conservation? Why did the recessiol
rate cause problems?
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Diurnal Tides (1)

A Consider a satellite which is in a synchronous, eccentric orbit

A Both the size and the orientation of the tidal bulge will change
over the course of each orbit __2ae,

Fixed point o >
satelll i eds surf ac

Empty focus Planet

This tidal patter
consists of a stati
part plus an oscillation

a

A From a fixed poinbn the satellitethe resulting tidal pattern
can be represented as a static tide (permanent) plus a much

smaller component that oscillates (the diurnal tide)

N. B. | to0s often hel pful t o t hi
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Diurnal tides (2)

A The amplitude of the diurnal tidkis 3etimes the
static tide (loes this make sense?)

A Why are diurnal tides important?

I Stresd the changing shape of the bulge at any point on the
satellite generates timgarying stresses

I Heati time-varying stresses generate heat (assuming some
kind of dissipative process, like viscosity or friction). NB
the heatingrate goesesi we 6 1 | s ee why |

I Dissipation has important consegquences for the internal
state of the satellite, and the orbital evolution of the system
(the energy has to come from somewhere)
A Heating from diurnal tides dominate the behaviour of
some of the Galilean and Saturnian satellites
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Tidal Heating (1)

A Recall from Week 5
A Strain depends otiurnal tidal amplitude

eo%

A Strain rate depends on orbital peribd
A What controls the tidal amplitud

A Power per unit volum®@ is given by P°
A\

Ed’

A HereQ is a dimensionless factor telling us what
fraction of the elastic energy is dissipated each cycle

A The tidal amplitudel is given by:

[0} ~0 1\3
d=3chH = 3>/ 2 REM ERY
1+ m gl\/l ca+
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Tidal Heating (2)

Ed® E ., 25/4 amoaRo
P= 9 >&—0a-0

QRI Qr . (+7) cM +ca-

This is not exact, but good enough for our purposes
The exact equation can be found at the bottom of the |

A Tidal heating is a strong function Bfanda

A Is Enceladus or Europa more strongly heated? Is Mercury stroi
tidally heated?

A Tidal heating goes as##nd e2i orbital properties matter
A What happens to the tidal heating#0?
A Tidal heating depends on how rigid the satellit&Eiarid /7)

A What happens t& and/mas a satellite heats up, and what happe
to the tidal heating as a result?

dE _ 63enge|38%
dt  4mQ ca+ a
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Kepl er os | aws

A These were derived mbservationmainly thanks to
Tycho Brahd pretelescope)

A 1) Planets move in ellipses with the Sun at one focus

A 2) A radius vector from the Sun sweeps out equal
areas in equal time

A 3) (Period} is proportional to (seminajor axisa)3

/ N
) a | ae N

> —>

O

apocentr / S e pericentre
empty foqus focus
els eccentricity

als semimajor axis | |
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Newton (1687)

AExpl ained Keplerods obser
Inverse square law for gravitation:

- - Gmm,

r2

HereF is the force acting in a straight line joining massesandm,
separated by a distanceG is a constant (6.67x30 m3kgs?)

A A circular orbit provides a simple example and is
useful for backof-the-envelope calculations:
PeriodT

Centripetal accelerationr?

Gravitational acceleration GM/r?
SoGM=r3n? (also true for elliptical orbits)
So (periodj is proportional ta3 (Kepler
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Orbital angular momentum

For a circular orbit:
Angular momentum #n )
For a point mass$rma? R
Angular momentum/mass e ! focus
b2=a2(1-6?)

_ 2 2 Angular momentum per unit mass.
h=na \/1_ € Compare witma? for a circular orbit

An elliptical orbit has amallerangular momentum than a
circular orbit with the same value af

Orbital angular momentum @nservedinless an external

torgue is acting upon the body
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Energy

ATo avoid yet more algebra, w
coordinates. The results are the same for ellipses.

A Gravitational energy per unit mass
E,=-GM/r why the minus sign?
A Kinetic energy per unit mass
E,=v2/2=r2n?/2=GM/2r
A Total sume +E,=-GM/2r (for elliptical orbits,-GM/23)

A Energy gets exchanged betwéea andg.e during the orbit as the
satellite speeds up and slows down

A But thetotal energy is constant, and independent of eccentricity
A Energy of rotation (spin) of a planet is

E=C W/2 C is moment of inertidVangular frequency
A Energy can be exchanged between orbit and spin, like moment
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Summary

A Mean motion of planet is independenieptiepends
on GM anda:

n‘a’ =GM
A Angular momentum per unit mass of orbit is constar
depends on bothanda:

h=na’/1- €
A Energy per unit mass of orbit is constant, depends
only ona: c GM

2a
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Angular Momentum Conservation
A Angular momentum per unit mass
h=na’v1- € =(GMa)"*1- €

where the second term usesa® = GM

A Say we have a primary with zero dissipation (thisothe case
for the EarthMoon system) and a satellite in an eccentric orbit.

A The satellite will still experience dissipation (becaagenon
zero)i where does the energy come from?

A Soamust decrease, but the primary is not exerting a torque; to
conserve angular momentueinust decrease alsoircularization

A For smalle, a small change iarequires a big change &
A Orbital energy isotconserved dissipation in satellite

A NB If dissipationin the primarydominates, the primary exerts a
torque, resulting I n angul ar
rotati on t o 1 thessataliget(generhlly)tmevéssout
(as is the case with the Moon).
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Summary

A Tidal bulge amplitude depends prass, position,
rigidity of body, and whether it is in synchronous orbit

A Tidal Love numbeis a measure of the amplitude of the
tidal bulge compared to that of a uniform fluid body

A Tidal torques are responsible for orbital evolution e.g.
orbit circularization, Moon moving away from Earth ety

A Tidal strains cause dissipation and heating

A Orbits are described by mean motigrsemimajor axis
a and eccentricit.

A Orbital angular momentum is conserved in the absent
of external torques: & decreases, so does
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Planning Ahead . . .
A Week 9

i Tues 2171 case study |
i Thurs 297 no lecture

A Week 10

i Tues 3 i case study I
I Thurs %7 revision lecture

A Final Exami Tues 1@ June 8:0011:00 a.m.
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How fast does It happen?

A The speed of orbital evolution is governed by the rate
which energy gets dissipated (in primary or satellite)

ASince we dondét under stan
define a parameté&) which conceals our ignorance:

Q=%
A WhereE is the energy dissipated over one cycle Bnd

IS the peak energy stored during the cycle. Note that
ow Q meangdigh dissipation!

A It can be shown th& is »\

related to the phase lag arising in /7—\ Y&
. O
the tidal torque problem we

studied earlier: Q~1/ e
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How fast does it happen(2)?

A The rate of outwards motion of a satellite is governed by the
dissipation factor in thprimary (Q,)
~o o D
_ 3K, a QaR 0
Q b _Q “a X

Herem, andm are the planet and satellite masseas,the semmajor axisR; is
the planet radius arld is the Love number. Note that the mean motiaiepends
ona.

,.,3
aR
A Does this equation make sense? Reldai R, i @ 8

m
A Why is it useful? Mainly because it allows us t% calcul@pteE g.
since we can observe the rate of lunar recession now, we can
calculateQ,. This is particularly useful for places like Jupiter.

A We can derive a similar equation for the time for circularization t
occur. This depends dp, (dissipation in thesatellite).
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Tidal Effects- Summary

A Tidal despinning of satellite generally rapid, results in
synchronous rotation. This happens first.

A If dissipation in the synchronous satellite is negligible
(e=0 orQ>>Q ) then
I If the satellite is outside the synchronous point, its orbit expan

outwards\why?)and the planet spins down (e.g. the Moon)
I If the satellite is inside the synchronous point, its orbit contrac
and the planet spins up (e.g. Phobos)

A If dissipation in the primary is negligible compared to the
satelite Q>>Qy) , then the satel]l
decreases to zero and the orbit contracts @vbi?)(e.g.
Titan?)
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Example *
results

A 1. Primary
dissipation
dominatesg satellite
moves outwards and
planet spins down

A 2. Satellite
dissipation
dominates orbit
rapidly circularizes

A 2. Orbit also
contracts, but
amount is small
because&is small
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