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Abstract

Tidal dissipationhasbeensuggestedsthe heatsourcefor the southpolar thermalanomalyon EnceladusWe nd thatunderpresent-day
conditionsandassumingviaxwellian behaior, tidal dissipationis negligible in the silicate core.Dissipationmay be signi cant in theice shell if
the shell is decoupledrom the silicate coreby a subsurbceocean We have run a seriesof self-consistentorvectionandconductionmodelsin
2D axisymmetricand 3D sphericalgeometryin which we includethe spatially-variabletidal heatproduction.We nd thatin all casesthe shell
removes more heatfrom the interior thancanbe producedn the coreby radioactve decay resultingin cooling of the interior andthe freezing
of any oceanUnderlikely conditions,a 40-kmthick oceanmadeof purewaterwould freezesolidona 30 Ma timescale An oceancontaining
otherchemicalcomponentsvill have alower freezingpoint, but evenawaterammoniaeutecticcompositionwill only prolongthefreezing,not
preventit. If the eccentricityof Enceladusverehigher(e 0.015)in the past,theincreasedlissipationin theice shell may have beensufcient
to maintaina liquid layer We cannotthereforerule out the presenceof a transientocean,asa relic of an earliereraof greaterheating.If the
eccentricityis periodically pumpedup, the oceanmay have thickenedandthinnedon a similar timescaleasthe orbital evolution, provided the
oceamever froze completely We concludethatthe currentheat ux of Enceladusindary possiblesubsurficeoceanis notin steady-stateandis

theremnantof anepochof highereccentricityandtidal dissipation.
2007Elsevier Inc. All rightsresened.
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1. Intr oduction

The discovery of the thermal anomalyin the south po-
lar region of Enceladus(Spenceret al., 2006, haslaunched
a greatdeal of interestin potential actiity in the ice shell.
5.8+ 1.9 GW of heathave beenobsened pouring out of this
region (Spencetet al., 2006, andthe global heat ux may be
anorderof magnitudehigher Sucha heat ux wasunexpected
from a body as small as Enceladus(252 km radius), which
undernormal circumstancesvould have cooledvery quickly.
A likely heatsourcefor the obsered thermalanomalyis on-
going internal heatingdueto tidal dissipation(Matsonet al.,
2007, anidea rst examinedby Squyrestal. (1983)andRoss
and Schubert(1989) well beforethis obsenation. The tidally
dissipatedenengy, E; within a satellite is a strong function of
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its orbital frequeny
al., 1988

, eccentricitye, andradiusRs (Segatzet
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WhereG is the gralltatlonal constantandk; is the degree-2
tidal Love number The dissipationis also a function of the
materialpropertiesinside the satellite,which are globally de-
scribedby ko, andwhich canbefoundanalyticallyfor ahomo-
geneousdody (Rossand Schubert,1989. For a homogeneous
body
32
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where is the density g is the gravitational accelerationand
K is the comple rigidity which depend®ntherheology

Enceladushowever, is unlikely to be homogeneousThe
tidal dissipationandk, dependnot only on the materialprop-
erties of the planet, but the distribution of material as well.
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The thermalanomalysuggestsa warm, differentiatednterior
(Schuberetal., 2007, consistingof asilicatecore,overlainby
anicy mantle,with a possibleoceanseparatinghe two layers
(Porcoetal.,2006;Nimmoetal., 2007).

The goalsof this paperareto determineto whatextenttidal
dissipatiormayoccurin Enceladusandhow thatheatis distrib-
uted;to explore how that heatis removed throughcorvection
and/or conduction;and to place constraintson the resulting
long-termstability and depth of the putative ocean.This pa-
peris organizedas follows. We rst describeour modelsfor
tidal dissipationin multilayeredbodies,andpresentheresults
of thosemodelsappliedto Enceladuslin thefollowing sections
we presentthe resultsof cornvectionandconductionmodeling
of Enceladusice shellincludingviscoelastididal heating.We
nd thatunderpresent-dagonditions tidal heatingin theinte-
rior of theice shellandthesilicate coreis insufcient to prevent
anoceanfrom freezing.Finally, we discusgheimplicationsof
thoseresultsfor the thermalevolution of EnceladusWe sug-
gestthatif thereis a subsurdceoceanon Enceladugoday it
cannotbein thermalequilibrium. The currentthermalactivity
is likely aremnantirom anepochof greateteatingandhigher
eccentricity(Meyer and Wisdom, 2007, and the south polar
thermalanomalymay be dueto a shallow heatsource,such
asshearheating(Nimmo et al., 2007, ratherthanvolumetric
Maxwelliantidal dissipation.

2. Tidal dissipation

Previous studiesof tidal dissipationin the Solar System
have generallybeenconcernedwith the total heatdissipated
globally (Kaula, 1964; Zschau, 1978; Segatz et al., 1988;
Ross and Schubert,1989; Ojakangs and Stevenson, 1989;
Moore and Schubert2000. However, this approachprovides
noinformationaboutthedistribution of thetidal heat.In acase
like Enceladuswhere a greatdeal of the heat ux is local-
ized,understandinghis spatialvariationis critically important.
Furthermorewhen this heatproductionis coupledwith heat
transfer(e.g.corvection),thereis strongfeedbackoetweerthe
heatingrate at ary given locationwithin the satellite and the
local temperatureand viscosity (Sotin et al., 2002. Because
convectionis a nonlinearprocessusingthe globally-areraged
heatingrate may be inappropriatelt is thereforenecessaryo
computethethree-dimensiondldal heatingdistribution (Tobie
etal., 2005 to explorethis problemfurther

Here,webrie y summarizeheproceduraisedto determine
thetidal heatdistribution inside a body Our approactclosely
follows that outlinedin Tobie et al. (2005) detailsare given
belov whereour proceduredepartsfrom theirs. First, we di-
vided the body into materiallayers. For the purposesof this
study theselayersarea small, liquid innermostcore (compris-
ing 0.1% of the total volumeandrequiredto avoid the singu-
larity at the origin), a silicate core, a liquid waterocean,and
anice shell. Theice shellwasfurthersubdvidedinto anumber
of smallerlayers(20—40dependingon thetotal thickness)and
eachlayerwasassignea constantdensity rigidity, andviscos-
ity.
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Second,we solved the equationsof motion (Peleris and
Jarosch1958;Altermanetal., 1959; TakeuchiandSaito,1972
by makinguseof the sphericalsymmetryassumedn the pre-
vious stepand separatingheminto their radial andtangential
componentsFollowing a methodsimilar to Alterman et al.
(1959)[but anotationmoresimilar to SabadinandVermeersen
(2004}, theradialfunctionssatisfysix coupled rst-order lin-
eardifferentialequations:
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whereyy g correspondo the radial and tangentialdisplace-
ments, radial and tangentialstresses potential, and potential
stress,respectiely, i is the rigidity or shearmodulus, is
the otherLaméparameter is the sphericalharmonicdegree,
andr is the radial position. We solved the radial functions
[Eq. (3)] usingthe propagtormatrix techniqueof Sabadinand
Vermeerseri2004) subjectto the surfaceboundaryconditions
appropriateor forcedoscillations

yslr=0= 0,

.2 +1
=S . 4
Y6lRs R 4)

More detailsonthis solutionmethodcanbefoundin Appen-
dix A. Theappropriatdangentiafunctionto usein this caseis
the tidal potential, (Kaula, 1964, which for small inclina-
tionsandto rst-order in eccentricityis

Yilr=0= 0, Yolr=0= 0,

y3lr=Rs = O, Yalr=rs = 0,

] 1
= R2 2% SEPZO(COS) cost + ZPZZ(COS)

x[3cost cos2 + 4d9nt sin2 | (5)

for longitude andcolatitude , whereP™ is the associated
Legendrepolynomial at sphericalharmonicdegree and or-
derm. We computedthe radial functionsy; atthe midpointof
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Tablel

Tidal heatingmodelparameters

Layer Router (km) (kgm®3) u(GPa)  (Pas)
Core 160 3500 67 1017
Ocean Rc Ro Rice 1000 0.4 104

Ice Ro Rice Rith 950 4 10131014
Lithosphere 250 950 4 1019-1070
e 0.0045

5.308x 1055 51

Notes (1) Increasingthe core viscosity hasno appreciableeffect on the ice
layer. (2) We treatthe oceanasalow-viscosity low-rigidity layerratherthanas
aninviscid uid. This approximationis acceptableslongas ), of theocean
is not closeto theforcing (orbital) period.

eachlayerandattheboundariesandat eightequispacedimes
overanorbital period.We computedhetidal potentialonareg-
ulargrid in latitudeandlongitude typically 2 x 2 .

Third, we determinedhe strain tensor j at eachpoint on
the 3D grid from the displacementgy; andy,), andusedthe
correspondencerinciple (Biot, 1954 to determinethe stress
tensor j ateachpointaswell ateachtime

L 2
§= 2+ KS ol i (6)
whereK is the bulk modulusand j is the Kronecler delta.
Finally, we computethe heatingat eachpoint averagedover
the orbital (forcing) periodfrom the comple stressandstrain
rate (Schubertet al., 2000 and applying the correspondence
principle (Biot, 1954):
Re( jj)Re( )+ Im( )Im( ) .

Et = (7)

3. Tidal heatingin Enceladus

Having developeda proceduréor calculatingthe spatially-
variabletidal heatingin a multilayered,viscoelastichody, we
now proceedo apply the resultsto Enceladusin this section
we carry out simple calculationsof tidal dissipationfor dif-
ferent prescribedspherically-symmetriénternal structuresto
assesshe likely locationand magnitudeof tidal heatsources.
In reality, of course)ateralvariationin thetidal dissipatiorrate
createssimilar variationsin the interior temperaturestructure,
which in turn affectsthe viscosity structure.In Section4 we
perturbthe local heatproductionbasedon the local viscosity
valuesin the corvection models.We do not, however, con-
siderlateralvariationsin materialpropertieswhen calculating
thebackgroundeatproductionrate.Suchheterogeneitganbe
treatedhumerically(Latyches etal., 2005, but is computation-
ally expensve andbeyond the scopeof this paper The global
parametersisedaresummarizedn Tablel.

The extentto which heatcan be dissipatedwithin the sili-
catecoreis importantfor investigating whetherlocalizedseas
canbe generatedlueto basalheatingof the ice shell (Collins
and Goodman,2007) and whetherammoniacan be broken
down to form the N> obsened in the plume (Matsonet al.,
2007). Fig. 1 shaws the tidal heatingin the Maxwellian core
asafunctionof coreviscosity Only when gj < 10 Pasdoes
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Fig. 1. Tidal heatingof thesilicatecore of Enceladusasa functionof viscosity
(solid line), comparedwith present-dayadiogenicheatingassuminga chon-
dritic composition(dashedine). Thecorehasa densityof 3500kg m>3, radius
of 160km, and arigidity of 67 GPa. A 20 km thick layerof wateranda 70km
thick layerof ice lie atopthe core.

the tidal heating(solid line) approachthe present-dayradi-
ogenicheat( 1.8x 10°8 WmS3; MulthaupandSpohn 2007;
Schubertetal., 2007) for achondriticcore(dashedine). While
a high melt fractionmay reducethe viscosity asis believedto
bethe casefor lo (ScottandKohlstedt,20043, it is not possi-
ble to achieve a valueaslow as10'* Pasin asilicate material.
Experimentson the ow of silicate with high melt fractions
indicatethat s > 10 Pas evenif the melt fractionis 0.25,
nearthe critical valuefor disaggreation (Scottand Kohlstedt,
2004a,2004h.

Thetidal heatingin a satelliteis a strongfunctionof its size,
with the global dissipationincreasingasR/, andthe volumet-
ric rateas R, for the casein which w/( gRs) 1 [Egs. (1)
and(2)]. lo’s radiusis morethantentimesthat of Enceladus’
core and thus would be expectedto produceover 10’ times
more heat. If we uselo’s actual radius and orbital parame-
ters(Murray and Dermott,1999, andassumehatits material
propertiesarethe sameasour Enceladusnodel,we nd using
Egs.(2) and(1) thatlo shoulddissipates x 10° asmuchheat
asEnceladus’core. The presentday surfaceheat ux atlo is
2.5-3.0W m>2 (Veedetetal.,2004, suggestinghatdissipation
within the silicate portion of Enceladusshouldbe 0.02GW,
or 1.2x 10>° WmS23. Hence we would not expectsigni cant
dissipationin Enceladus’core,evenif we assumedn lo-like
rheologywith a partially molteninterior.

Thus, under reasonable rheologic conditions ( s >
10'° Pas), we nd it is notpossibleto generatesigni cant tidal
dissipationin the silicate core.We thereforeconcludethatra-
dioactive decayis theonly signi cant heatsourcen thesilicate
layer, producinga total of 0.3 GW. This resultis in contrasto
the works of Collins and Goodman(2007) and Matsonet al.
(2007) who assumethat 7 GW of heatis producedin the
silicatecore.
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Fig. 2. Surfaceheat ux predictedfrom tidal heatingmodelsfor Enceladus
usingparameteri Table 1. Horizontalline showstheheat ux measuredn the

southpolarregion (Spenceet al., 2006. Vertical line indicatesthe minimum

shellthicknessconsideredor corvectionmodels.u = 4 GPa. For (a), viscosity
is constantn theice shell.For (b), thetop half of theice shellis ahigh viscosity
(106>< thelower layer)lithosphere.

In the absencef an oceantheice layeris locked ontothe
coreandthe deformationof the formeris inhibited by therela-
tiverigidity of thelatter However, substantiatidal heatingmay
be producedin the ice shell if it is decoupledfrom the core
by a subsurficeocean(Moore and Schubert2000. Usingthe
methodsof Section2, an ice shell with constantviscosity of
3x 10'3 Pas, andrigidity of 4 GPawill dissipateonly 0.5GW
of heatif it is lockedontothecore,but will dissipate5.4 GW if
thereis a 500 m oceanbetweerthe solid layers.Fig. 2a shows
the globally-averagedsurfaceheat ux predictedby thesetidal

J.H. RobertsF. Nimmo/ Icarus194(2008)675-689

heatingmodelsasa functionof ice viscosity andshellthick-
nessd for aconstantwiscosityice shell. A thinnershellis more
easily deformableand hasa greatertidal heatingrate. How-
ever, a thin shell alsohasa smaller volume, limiting the total
heatproductionwithin it, andthusthetotal heat ux from the
surface. Thesetwo competingeffectsresultin a critical shell
thicknessd. atwhichthemaximumheat o w occurs Although
dc is viscosity-dependentt, is lessthan5 km for all themodels
consideredhere.d; is higherfor lower-viscosityshells because
the low-viscosity shellis more easily deformableandthusre-
quiresa greaterthicknesgo substantiallyreducedeformation.
The heat ux esshavn in Fig. 2a arefor constant-viscosity
ice shells. Thisis intendedonly to show the effect of thethick-
nessof theice shell andthe oceanon thetotal heatproduction,
and should not be interpretedto representhe actualviscos-
ity structure.The actualheat ux is probablysigni cantly less
than shavn in Fig. 2a, becausdce viscosity is temperature-
dependentGoldsbyandKohlstedt2001), andtheice shellwill
developahigh viscositylithospherethatis resistanto tidal de-
formation. Not only doesthe lithospheredissipatevery little
heatitself, but it impedeghe deformationof the deepelayers
andreducegheglobalheating Fig. 2b showstheheat ux pro-
ducedby ice shellswith alithosphereequalto half thethickness
of thetotalice shell. Thelithosphericviscosityis 10 timesthat
of the lower ice, andthe rigidity is the same.The inclusionof
thelithospherestrongly reduceghetotal dissipation For exam-
ple,a40km thick shellwith constanwiscosityof 3x 103 Pas
will dissipateenoughheatto generate26 mWm®2 at the sur-
face(Fig. 2a), but if the viscosityof the top 20 km is raisedto
3x 109 Pas, theheat ux dropsto 6 mWm®>2, areductionof
morethanafactorof 4. Sincemostof the heatis producechear
thebaseof theice shell andnotin the region wherethe viscos-
ity wasincreasedthis effect occurshecausehe presencef the
lithospherehasreducedhe overall shelldeformation(andthus
ko). The dissipationrateis a combinationof the amplitudeof
thedissipatiorandthe phasdags(MooreandSchubert2000.
Thephasdagis higherfor highviscositymodels but theampli-
tudeis low. Whenno lithosphereis present(Fig. 2a), the high
amplitudein the low viscosity shellsyield high dissipations.
Whena lithosphereis present(Fig. 2b), the deformationis re-
strictedat all depthsbut the phasdag in the deepice is notso
affected.Thusthe dissipationis moreseverely reducedor low
basalviscosity( o= 10'3 Pas) models particularlyatlow d.
The primary controlson tidal dissipationin our modelsare
the viscosity structureand the thicknessof the ice shell (i.e.
thedepthto the ocean) We have investicatedthe effectsof this
tidal heatingon the surfaceheat ux, andtheshell thicknessy
modelingcornvectionandconductionin theice shell. In thenext
section(Section4) we presentour corvectionmodels,includ-
ing thetidal heatingasa spatiallyvaryinginternalheatsource,
for various prescribedbasalviscositiesand shell thicknesses.
This internal heatingcontrolsthe heat ux at the surfaceand
the bottom of the ice shell. We comparethe bottomheat ux
to thesub-iceheatprovidedby radioactve decayin the silicate
core,to assessvhetheror not the interior (and especiallythe
ocean)is cooling or heating(Moore, 2006. In Section5, we
presentmodelsof conduction,in which we determinethe ice
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shellthicknesghatis consistentvith the temperatur@ndheat

ux boundaryconditionsat the baseof theice shell, for a self-
consistentce viscositystructure(cf. Ojakang@sandStevenson,
1989.

4. Convection

Despitethe small sizeof Enceladusthelow viscosityof ice
andthe large potentialfor internal heatgeneratiormay make
corvectionanef cient procesdor heattransfer(Barr andMc-
Kinnon,2007). An upwellingdiapirmaybeagoodwayto gen-
eratethelocalizedheat o w in the southpolarregion (Spencer
etal., 2006. Densityanomaliesandthe geoidassociatedvith
suchanupwellingmayalsoberesponsibldéor anepisodeof po-
lar reorientatiorpossiblyexplainingthelocationof the hotspot
(Nimmo andPappalardo2009.

4.1. Modeling

To investicate the behaior of convection under spatially-
variabletidal heating,we modeledcorvectionin the ice shell
using sphericalshell corvectionmodelsfor anincompressible
uid and using the Boussinescapproximation.We usedthe
nite-element corvection codesCitcom (Robertsand Zhong,
2004 andCitcomS(Zhonget al., 2000, to which we madea
few key modi cationsdiscussedbelow.

Of primary interestto us is the thicknessof the oceanbe-
neaththe ice shell, thereforeour modelsassumats existence.
The oceandecouplegheice shellfrom the silicatecore,sowe
imposefree-slipboundaryconditionsat the surfaceandbaseof
theice shell,andconsidercorvectionin theice shell only. The
ice shell is heatedbothfrom belav by radioactve decayin the
core,andfrom within by tidal dissipationin theice shell.

Thecorvectionis governedby theequationsf conseration
of massmomentumandenengy:

- u=0,

S P+ u+ Tu + geg=0,

T

—+u- T= 2T+H, (8)

t

whereu is thevelocity, P is the pressure, is theviscosity T
isthetemperature, isthedensityperturbatiorfrom themean
density o, g isthegravitationalaccelerationg is aunitvector
in theradialdirection,t istime,and is thethermaldiffusivity.
H is the volumetricrateof internalheating;in our casethis is
thetidal dissipationandH variesspatially

At thetemperatureandlow pressuresorrespondingo con-
vectionwithin Enceladusice shell, Newtoniandiffusioncreep
is likely to dominate(Moore, 2006. We use a temperature-
dependenNewtonianrheologyfor theice shell

Ea
RgT
whereE, is the activation enegy, and Ry is the gasconstant.

A is a pre-ponentialconstantsuchthat at the baseof theice
shell, o0, thebasalreferenceviscosity

= Aexp

9)
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We assumehe ice shellis in thermalequilibrium with the
oceanandthe lower boundaryis thereforeat the melting point
of water (273 K). The surfacetemperature]Tp is constantin
time, but varieswith co-latitude, dueto thevariationin inso-
lation (Ojakan@sandSterenson, 1989, suchthat

To( ) =[sin Y*Toeq i< < Si
i2+ 2 U8 .
TO( ): 2 TO,eq, <,
2+ S 2 U8 L
To( ) = 7(2 ) To,eq > S (20)

To( ) is normalizedto its value at the equatoy Tg eq, andi is
theinclinationof therotationaxisto the orbital planeaboutthe
Sun.Notethatthisis not the sameasEnceladusinclinationto
its orbit aboutSaturnwhichis very closeto zero.Thus,we use
Saturns obliquity of 27 (Murray and Dermott,1999 for this
value.

We usethe following nondimensionalization®r the quan-
tities above:

S = > u= - t = !
" Rs’ " /Rs’ T R2
P = PL’ = —, = TSTO'eq,
Rg 0 T
R?2 Ea
H=H——, E = ,
oC T RgT
RsV T
- Og ° ] O= OVEq, (11)
RgT T
whereall primedquantitiesarenondimensionalT isthetem-

peraturedifferenceacrossheice shell attheequatoy g is the
referencedensity C is the speci ¢ heat,ands representsry
lengthquantity NotethatalthoughT is 0 ontheequatoratthe
surface,the dimensionlessurfacetemperaturd, is not0. We
useEg. (11) to nondimensionalizéhe governingandrheologic
equationg8) and(9). Droppingthe primes,we obtain

- u=0,
S P+ - u+ 'u + RaTeg =0,
T 2
T"‘U' T= T+H,
. E
= pge . 12
0 T I+ 1o (12)

The vigor of corvectionis characterizedby the dimension-
lessRayleighnumber Ra,

og T RS
0 1

where is thethermalexpansvity. Note thatwe useRs asthe
length scale, and not the layer thickness,d. Our Ra will be
greaterby a factor of (Rs/d )® from Ra de ned in that man-
ner

For a given set of model parametersye rst ran a tidal
heatingmodelfor anisoviscousshell( = ) asdescribedn
Section3 to determineareferenceheatingdistribution. We then

Ra= (13)
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setupacorrespondingonvectionmodel,in whichweimported
theresultsof thetidal heatingmodelsinto Citcom andinterpo-
latedthemontothe Citcommeshasa spatially variableinternal
heatingrate. We ran the corvection model with temperature-
dependentiscosityto a statisticalsteady-stateanddetermined
the stagnant-lidthicknessrom the nal radialtemperaturend
viscosity pro le. We thenran a secondtidal heatingmodelin
which we includedthe stagnantlid asa secondviscositylayer.
The viscosityin the lid wasincreasedy a factorof 10° over
thedeepice shell. Finally, we rana secondcornvectionmodelto
statisticalsteady-statbasedn the new tidal heating.

2D-axisymmetriccorvectionmodelsuseda numericalgrid
of 192 equallyspacectlementsn latitude,andeither48 or 64
radial elementsye ned nearthe boundariesSelectednodels
wererun in 3D on 12 processor®f a PC cluster usinga nu-
merical grid with 1.3 million elementsDetails aboutthe 3D
grid setupcanbefoundin Zhongetal. (2000)

Ourtidal heatingmodels by necessityassumeonstanima-
terial propertieswithin eachlayer However, lateraltemperature
andthereforeviscosityvariationscanbe quite strongin a con-
vecting system.Furthermorethe two-layerviscosity structure
usedin the tidal heatingmodelsdoesnot fully re ect the ra-
dial variationsin viscosity dueto temperaturevariationsthat
evolve during corvection. To accountfor thesevariations,at
every timestepof the corvectioncalculationswe perturbedhe
tidal heatingfor eachelementby a factorf (Ojakangsand
Stevenson,1989;Sotinetal., 2002;HanandShavman,2007)

[ u ref/1
1+( /w2 1+ (0 reflb) 2

suchthatf = 1 whenthelocal viscosity is equalto theref-
erenceviscosity (ef for the appropriateviscosity layer in the
tidal heatingmodels.For the preliminarytidal heatingmodels
with anisoviscousshell, ef= ¢. For thetidal heatingmod-
elswith two viscositylayers, ef= ¢ in thelower layer, and
ref= 1P o in theupperlayer At eachtimestepof the corvec-
tion calculation,the governing equationg12) are solved, and
the viscosityfor eachelementis updatedaccordingto Eq. (9)
basedon the currenttemperatureeld. The tidal heatingas-
signedto a particular elementis the tidal heating predicted
from the sphericallysymmetrictidal heatingmodelsdescribed
in Section2, multiplied by f . The advantageto this approach
is thatfor every setof parameterghe heatingmodelneedonly
be computedonceratherthanat every timestep.Note that the
presenceof a lithospherein reducingthe global deformation
(Figs.2aand2b) is takeninto accounty our procedure.

f =

(14)

4.2. Results

Our chief goal is to determinea regime of ice shell thick-
nessd, and referenceviscosity o, that may be in thermal
equilibriumwith anoceanmeaningthatthe basalheat ux Fp
acrosghebottomcornvective boundarylayerin theice shellisin
balancewith theheat ux outof thecoreF.. Becauseheradius
of thecoreandtheradiusof thebaseof theice shell areunequal,
we mustmodify F. by ageometricafactorn = (Reore/R basd?,
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Table 2
Corvectionand conductionmodelparameters
Rs 250km
Rp 170-210km
Tp 273K
Toeq 80K
Ea 60kJmol>1
g 0.114ms>2
k 4wmS1Ks1
1054 k51
1.18x 10°6 m?s>1
0 950kgm®°3
U 4 GPa
0 10'3-10" Pas _
5.308x 10°%s°1
i 27

beforecomparingit to Fp. If Fp > n F¢, thenmoreheatis be-
ing extractedfrom the ocearthanis beingproducedby thecore
below, andoceanfreezingwill occur

We ran several corvectioncalculationsaxploring the ( o,d)
parameterspace.For eachmodel,we rst generatech refer
encetidal heatingdistribution using the method outlined in
Section2. The referencetidal dissipationwas computedon a
2 x 2 regularsurfacegrid at 20—40pointsradially (depend-
ing on d). For the determinationof the referencetidal dissi-
pation,the ice shell consistedof two viscosity layers,a lower
layerat o, andalithosphereat 10° x . Thethicknessof the
lithospherevariedbasedond and o, andwascomputedasde-
scribedabore from the resultsof aninitial corvectionmodel
in which thetidal heatassumednisoviscousshell. The model
parameteraresummarizedn Table2.

An example of the initial heating distribution, averaged
aboutthe rotation axis is shown in Fig. 3a, with d = 70km
and o= 3x 10'3 Pas. Note that the heatingis greatesnear
the baseof the ice shell andespeciallyat the polar regions.In
the lithosphericlayer, the heatingis insigni cant (but we in-
cludeit in the corvectionmodels).Thereferenceneatingvalue
was interpolatedonto the Citcom grid, and the correspond-
ing corvection modelwasrun. In the convection calculation,
the lithospheredevelopedself-consistentlythrough the rheo-
logic equation(9), andthetidal heatingwascomputedat each
timestepbasedon the local viscosity [Eq. (14)]. The steady-
statelithosphericthicknesswas then usedto recomputethe
backgroundidal dissipationwhich wasthenusedasthe start-
ing pointfor thesubsequertorvectionmodel.Eachcalculation
was run until the heat ux reacheda statistical steady-state.
The nal heatdistribution (Fig. 3b) is notdramaticallydifferent
from the initial, but doesre ect the corvective structurewith
pronouncedlownwellingsandwealer upwellings.Becausehe
basaltemperaturds x ed, the basalheat ux dependson the
interiortemperatureyhichin turndependsipontheheatdistri-
butionin theice shell. Fig. 3c showsthe nal radialtemperature
pro le for the casein Fig. 3b. Theice shellin this casehasa
verythick stagnantid in which heatproductionis insigni cant.
This lid insulatesthe interior very effectively, raisingthe inte-
rior temperaturdo nearthe melting point. Thereis, however,
athin lower boundarylayer, acrosswhich Fp = 22mwm®?2,
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arein termsof 102 W m®3, (c) Radialtemperaturero le for the caseshown
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shell, heatingthis region amostto the melting point. A thick (40 km) stagnant
lid insulatesthe lower region. The basalheat ux in this caseis 22 mwm®>2,
andthesurfaceheat ux is 15 mw m®>3, for a global total of 9.0and 11.8GW
atthe baseand surface respectiely.

For this particularmodel, despitethe high interior temper
ature,Fy is still far in excessof the chondritic value of nF¢
(0.75 mWm®>2 at R = 180km, which correspondgo E =
0.3 GW in the core), suggestingthat either a thicker shell or
greaterinternal heatingis requiredfor long-termequilibrium.
We ran a total of 11 casesto determinethe effect of d and

o on the heat ow balance.Fig. 4 summarizeshe results
for the heat o w from the 2D axisymmetricconvection mod-
els.
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Fig. 4. Global heat o w acrosshe surface(a) and baseof the ice shell (b) for
cornvectionmodels.Solid line representshe conductve heat o w. Dashedine
is the heatgeneratedy radioactve decayin the silicate core. Notein (b) that
somecaseswith o= 103 Pas havelower heat o w thanwould be removed
conductvely. Thesemodelsaresowarmthatmelting is widespread.

In generalwe found that the heat o w at both boundaries
increasedwith increasingRa (i.e. with decreasingviscosity)
andwith decreasinghell thicknesqFig. 4). Notethatthe high
referenceviscosity (104 Pas) modelsare essentiallyconduc-
tive if the shell is thinnerthan 70 km. Note also, that while
the low viscosity (10'® Pas) modelshave the highestsurface
heat o ws, their basalheat o ws are similar to thosefor the
high referenceviscosity cases,and in somecasesare belov
the conductve value. The low referenceviscosity shellshave
substantiallynoreheatto remove. Althoughthey corvectmore
vigorously thesewealer shellshave very warm interiors (al-
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thoughstill below the melting point), andarethusinef cient at
cooling the core. Neverthelessin every casefar more heatis
dravn acrosghe baseof theice shell thancanbe generatedby
radioactve decayin the core(dashedine in Fig. 4b), implying
arapidcoolingof theoceamandinterior. This key resultwill be
discussedn moredetailin Section®.

5. Conduction

We havealsoconsideredhepossibilitythattheice shellmay
be conductve. This is certainlythe caseif theice shell is thin
( 40 km), or if the ice referenceviscosity is relatively high
( 10" Pas).

5.1. Modeling

Ourgoalis to determinevhatconductve ice shellthickness
d will bein thermalequilibriumwith aliquid oceanbeneattit.
Thermalequilibrium requiresnot only that the baseof theice
shellbe atthe sametemperaturesthe ocean but alsothatthe
heat o w acrossthe baseof the ice shell is equalto the radi-
ogenicheatproducedn thesilicate core.Thatis, we attemptto
nd ashell thicknessn which heatproductionandheatlossare
in balanceresultingin no netheatingor coolingof theinterior,
andthusno freezingof the oceanor melting of theice shell.

Unlike a corvective system,theinterior of a conductve ice
shellisfarfromisothermalThestrongradialtemperaturearia-
tion throughoutheice shellleadsto strongviscosityvariations.
Our tidal heatingmodel requiresconstantviscosity within a
layer, thereforewe breaktheice shellinto anonion-skinmodel
of 2-km thick layers.We male aninitial guessasto thethick-
nessandradialviscositystructureof theice shell andcalculate
the tidal dissipation,Ht(r, ). In steadystate,the conductve
temperaturavithin theice shell satis es:

k 2T+ Hr(r, )= 0, (15)

wherek is the thermal conductvity. We then determinethe
2D-axisymmetricconductve temperaturgro le subjectto this
heatingandto the sametemperaturdooundaryconditionsasin
the corvectioncase.The bottomof the shellis at 273K (melt-
ing point of water), and the equatorialsurfacetemperaturds
80 K, andvarieswith latitude accordingto Eq. (10). We then
recomputethe viscosity basedon this conductve temperature
pro le, accordingto Eq. (9). If theice shell is in thermalequi-
librium, thentheheat o w acrosshebaseof theice shell should
matchthe heat o w producedby the core. The basalandcore
heat ux es(F, andF¢, respectiely) are

aT
Fhr=Sk —d,
b dr
0

Becausd-; comesfrom radioactve decayin the core,we as-
sumethatit doesnotvarywith position.Basedonapresent-day
chondriticheatingrate,F. = 0.95mWm? atReore. If NF¢ does
notequalfFy, we adjustthethicknes=f theice shell d, andcal-
culatethetidal heatingfor thenew d and pro le. We iterate
betweenthe tidal heatingand conductionmodelsuntil either

1
Fc= §HcoreRc- (16)
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Fig. 5. Minimum Fp for a 90 km conductve ice shell as a function of the
basalviscosity Thatis, the ice shell is as thick aspossible.The viscosity in
the shellis temperaturelependentvith E5 = 60 kJ mol and thetidal heating
is calculatedaccordingly In all casesFy, exceedsF¢ from radioactve decay
(0.95mW m®2) in the core.

|[Fpb S nF¢| 0.001, the shell melts completely or the ocean
freezescompletely

5.2. Results

Given Enceladus’currentorbital parametersywe nd that
the oceanbeneatha conductve ice shell freezescompletely
thatis Fp > n F¢ for all referenceviscositiesconsideredor the
ice shell (10*3-10" Pas). Fig. 5 shavs the minimum Fy, for a
conductve shell over an ocean thatis the F,, whenthe shell
is 90 km thick, andfor a constantk = 4 WmS1KS1, Clearly,
thebasalheat ux greatlyexceedsheexpectedradiogenicheat

UX.

Theseresultsassumehatthe currentorbital parametersire
in a steadystate.The Saturnsystem,however, is very comple
dynamically Onemightimaginethatthroughinteractionswith
othersatellites,Enceladus’eccentricitymay have beenhigher
in the past(Meyer andWisdom,2007. If e 0.0156(roughly
3.3timesthe presentalue),the heatingin theice shell is suf -
cientto reduceFy, belov nF¢, andwould permitaliquid ocean
to persistlong-termbetweerthe silicate coreandtheice shell.
We shav asanexampletheradialtemperaturgro le andheat
distribution for a 70-km thick conductve ice shellin thermal
equilibrium (Fig. 6), in which we have useda higher eccen-
tricity (e = 0.0156 thanthe currentone. The heatingis very
sensitve to the temperaturdandviscosity),andis only strong
nearthe bottomwheretheiceis warm.

6. Discussion
6.1. Lifetimeoftheocean

In both the tidally-heatedcorvective and conductve cases,
we nd thatheatis removedfrom theoceanof Enceladugaster
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shell. F, = 0.95mWm®2 (the expectedvalue from radiogeniccore heating),
ande= 0.0156 exceedingthe present-dayalueby afactorof 3.5.

thanit is generatedby radioactve decayin the silicate core.
A large amountof interior cooling (7-25mWm®>2) occurs re-
sultingin thefreezingof theocearontothebaseof theice shell.
A thicker ice shell resistsdeformationto a greaterdegreeand
is lessstrongly heated(Fig. 4b), acceleratinghe freezing of
the ocean Oncethe oceanfreezesentirely, theice shellis me-
chanically coupledto the silicate core, severely reducingthe
tidal dissipationin theice. If Enceladugntershis state, it will
likely remainfrozeninde nitely, barringanexternalheatsource
deliveredto the interior. The timescalefor the freezingof the
oceandependsupon the initial thicknessof the ocean,but a
40 km thick ocearwith (Fp S nF¢) = 8 mWmS2 will freezein
30Ma.

We have identi ed four waysin which the lifetime of the
oceanmay be extended.The rst is to have greaterheatpro-
ductionin the core,therebyincreasingFc. However, it is not
obvious how this would be accomplishedThe compositionof
the core is poorly known, but it is unlikely to be so differ-
entfrom chondriticthatthe radioactve heatproductionrateis
substantiallygreater Tidal dissipationin the coreis negligible
at ary plausiblesilicate viscosity assumingthe core behaes
in a Maxwellian manner;the core radiusis simply too small.
The core might behae in somenon-Maxwellianmannerthat
is moredissipatve, but no suchmechanisnhasbeenproposed.
Unlike for largerplanetssuchasEarthor Mars,secularcooling
of the coreis unlikely to be a signi cant sourceof heattoday
becaus¢hediffusiontime for Enceladuss lessthan2 Ga.

The secondway to prolong the oceanis to increasethe
heatingin the ice shell, therebyreducingFy. Eliminating the
lithospherein thetidal dissipationmodelsfor corvective shells
increaseghe global heatingby a factor of several (compare
Figs. 2a and 2b). Fig. 7 shows the cornvective basalheat ux
for the preliminary runs of all the casesshavn in Fig. 4, that
is without the lithosphere.In this situation, the low-viscosity
(103) ice shellshave sufciently low Fy, to preventthe freez-
ing of the ocean.However, thesecasesalso have widespread
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Fig. 7. Heat ux acrossthe baseof the ice shell for cornvection modelswith
no lithosphere Solid line is the heatgeneratedy radioactve decayin the sil-
icate core. All valueshave beennormalizedto the surfaceareaof Enceladus.
Comparewith Fig. 4. F, for o= 10 Pasis very similar to the lithospheric
version,for o= 3x 10'3 PasFy, is slightly reducedFy, for o= 1013 Pasis
greatlyreducedand even negative in somecasesindicatingtheice is warmer
thantheunderlyingoceanandis melting.

overheatingand melting of the ice shell. Theseice shellswill
thereforethin, becomeheatedeven more,andexperiencerun-
away melting until they becomeconductve. At this point the
heatingwill drop off andthe shell will begin to thickenagain.
One might ervision a situation in which the ice shell oscil-
lates betweena thick, corvective, melting shell, and a thin,
conductve, freezing one. However, this scenariodependson
the assumptiorthat corvectioncantake placewithout a rigid,
nearsurface layer developing, which contradictsthe general
experienceof stronglytemperature-dependecorvection(e.g.
Solomatw, 1995.

A third possibility for maintaininga liquid oceanis if the
liquid is not be pure water If the oceancontainssubstantial
amountsof other volatiles (e.g. ammonia),the melting point
may be severely depressedie have testedthis by runningad-
ditionalconductionrmodelsasin Section5 in whichwe lowered
the basaltemperatureHowever, even at the HoO—NHz peri-
tectictemperaturef 175K (Leliwa-Kopystyhskietal., 2002,
theconductve F, 6 mWm?2, whichis still in excessof nFe.
This resultis not unexpected:we have essentiallyreducedhe
temperatureontrastby half, andthusreducedhe heat ux by
the samefraction. This is not sufcient to preventfreezing,al-
thoughit will slow it down. Furthermorethereis currentlyno
obsenational evidencefor NHz in the plumes(Waite et al.,
20009. Therefore,while chemicaleffects may play animpor-
tantrole in the oceanandice shell of Enceladusthey cannot
alonepreventthefreezingof theocean.

As a fourth possibility we note that sufciently low ther
mal conductvity due to nearsurface porosity may sow the
heatlossfrom the interior belowv our estimatesHowever k <
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0.5 WmS1KS1 is requiredto satisfy the conditionon Fp, an
unrealisticallylow value.

Studiesof orbital dynamicssuggesthatthecurrentobsened
heat ux cannotbe sustainedn the steadystate,independent
of the materialpropertiesof Enceladus(Meyer and Wisdom,
2007. If we relax the assumptionthat Enceladusis in the
steady-stateheapparentransiennatureof asubsurceocean
becomesasierto understandThe global tidal dissipationis a
strongfunctionof eccentricity[Eq. (1)]. If e werehigherin the
past,the global tidal dissipationwould alsohave beenhigher
A transientoceancould exist beneattthe ice shell todayasa
remnantof an earlier epochof higher heating.If Enceladus’
eccentricityis periodically pumpedup, then the oceancould
be periodically thickened,provided that it never freezescom-
pletely The timescalefor orbital evolution is on the order of
tensof Ma, similar to thefreezingtimescalendicatedabove.

6.2. Truepolar wander

True polarwander(TPW) dueto buayantupwellingsin the
ice shell have beenproposedsanexplanationfor the southpo-
lar location of the obsered hotspot(Nimmo and Pappalardo,
2006. If thelithosphereis suf ciently strong(likely for Tg
80K), the plume buoyang is not compensatedy dynamic
topograply at the surface.The net negative massanomalycan
causepoleward TPW if the load canovercomethe fossil rota-
tional bulge (Willemann,1984). Largeamountf reorientation

are achieved if the nondimensionaload,Q 1 (Willemann,
1984, where

3 5gN2g
Q= ; (17)

" (Rs) Ak, Skp)’

whereNzg is thegeoidatdegree-2andk, is the uid love num-
ber For the Enceladusmodelsstudieshere,k; is typically of
order0.01vs0.75for k,. The = 2 geoiddueto internalloads
(ZzhangandChristensen1993 is

Rs
3 ro 4o
NZO(RS): g R_ — - dr.

(18)
S
fi

For a40 km tall upwellingin the lower half of theice shell,
adensityreductionof aboutl.75%in the buoyantupwellingis
requiredfor Q = 1. If thedensitycontrastarisespurelythrough
temperaturevariations,a lateralvariationof 175K is required.
This variationis not supportedoy our models However, local-
ized partial melting nearthe baseof theice shell couldremove
impurities,enhancinghedensitycontrasbetweerthecleanice
in theupwellingandthedirty ice of the surroundinggNimmo
and Pappalardo2006. Suchthermochemicaimodelingis be-
yondthe scopeof this paperFurthermorealthoughthe heating
patternis = 2, thisis notre ectedverystronglyin thetemper
aturepro les, which aredominatedby = 8 (Fig. 3). Effects
besidesthe tidal dissipationmay be requiredto explain the
southpolarthermalanomaly
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6.3. Spatialpattern

Also of interestis the spatial patternof tidal heatingandthe
surfaceheat ux, whichmaybeindicative of thepatternof con-
vectionin theunderlyingmaterial. Theobseredthermalanom-
aly (Spenceetal., 2009 is a singlelarge scalefeature domi-
natedby sphericalharmonicdegree = 1. If the hotspotis the
surfaceexpressiorof corvectionin theice shell, thenit suggests
thatthe corvectionis atthe samewavelength.Czechavski and
Leliwa-Kopystynski (2005)have notedthe correlationbetween
spatialpatternf tidal heatingand o w patternsalthoughthey
do not considerthe feedbackof the corvection on the tidal
heatingpattern.However, developing a long-wavelengthcon-
vective patternis not easy Degree-1cornvectionhasbeensuc-
cessfullymodeledfor the Earth(McNamaraandZhong,2005
and Mars (Harderand Christensen1996; Breueret al., 1997;
Harder 2000;RobertsandZhong,2006. However, thosemod-
els madeuse of mobile lids, phasetransitions,and/or strong
radial viscosity variations,all of which help to increasethe
wavelengthof corvection,andnoneof which areapplicableto
EnceladusFurthermore Enceladushassomeadditionalchar
acteristicghatseneto reducethewavelength.Thecoreis pro-
portionally muchlarger on EnceladugR; = 0.64Rg) thanon
Earthor Mars, resultingin a muchthinner corvective region.
The dominantheatsourcein the ice shell of Enceladuss tidal
dissipation andthetidal potentialis entirelyan = 2 function
(Kaula, 1964). It is not clearhow an = 1 patternmay arise
froma = 2forcing.To studythis problemwe ransomeof the
corvectioncasesrom Sectiordin 3D. Fig. 8 shavstheresidual
temperatur@ndthesphericalharmonicdecompositiorior tem-
peraturestructuresfor the sameparameterastheaxisymmetric
caseshown in Fig. 3. Theconvectionplanformis characterized
by alarge number( 30) of small-scaleupwellings,superim-
posedupona = 2 backgroundFig. 8a), ratherthana single
long-wavelengthupwelling that might explain the southpolar
hotspot.The spectrunof temperaturetructuresalsoshavs no
signi cant powerat = 1; it is oneof thewealestwavelengths
(Fig. 8b). Hence,our currentmodelscannotexplain the pre-
dominately = 1 thermalanomalyobsened;thisis anareaof
active investigation.

6.4. Alternaterheol@iesandheatingmedanisms

The choiceof rheologyin the tidal heatingmodelsmay af-
fect the amountof enegy dissipatedin the body Following
Sabadiniand Vermeerser(2004) and Tobie et al. (2005) we
have treatedEnceladusasa Maxwellian viscoelasticsolid [see
Eq. (6)], becausehis rheology matchesthe real responseof
planetarymaterialsin both high frequeng ( 1/ m) and
low frequeny ( 1/ w) limits (Rossand Schubert,1986.
By comparisonthe Kelvin—\bigt rheologicalmodel doesnot
reproduceherealbehaior in eitherlimit.

It is corventionalto considerthe steady-statgsecondary)
creepof ice when calculatingtidal heating. However, tidal
strainsarelow andtimescalesreshort, in which casethetran-
sient(initial or primary)creepof ice mayplayarole (e.g.Sinha,
1978. For primary creep,the strain goesas 2t° where is



Oceanstability on Enceladus

0.05 | I T T T
0.04
0.03
5
=3
[«
o,
0.02 —
0.01 — —
/'-u—’/h‘h-f\"-..._,.._—‘._’_-—'\ w——
| e ™™= il
0 o 1
0 0.01 0.02 0.03 0.04 0.05
Nondimensional Time

(b)

Fig. 8. (a) Isosurkce of temperaturefor a 3D corvection model with tidal
heating.Ra= 9.2 x 108, E5 = 60kJ mol. The isosurfceis for T = 0.95.
(b) Spectrumof temperaturestructuresor the casein (a)at = 1 and at the
threestrongesharmonicsThereis noindicationin this, or other3D modelsof
asinglelong-wavelengthupwelling that might explain the southpolarthermal
anomaly(Spenceetal., 2006.

stressanda andb areconstantsintegratingover a tidal cycle
of period Tt, the effective viscosity of theice (= stress/strain
rate)is givenby

_ 1S8aT1Sb.S1
eff — TT C

o2 O1MPa 143 VU3

25x 1
10°s

Pas, (19)
wherec is a (temperature-dependemnstantandthe numeri-

calvaluesaretakenfrom Azizi (1989)for ice at268K.
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This effective viscosityis somavhatlower thanthe rangeof
steady-stateeferenceviscositiesassumedsuggestinghat pri-
mary creepmay play a non-ngligible role. The effective mod-
ulus of ice is alsodlightly frequeng-dependen{Sinha, 1978,
but the total variationis a factorof 2 andis thusunlikely to
changeourresults.

In this paper we have not consideredthe effects of non-
Maxwellian heatingmechanism®n the tidal dissipation.One
suchpossibility is tidally-driven shearheatingalongthe tiger
stripes,that may help explain the patternof heat ux aswell
as the amplitude (Nimmo et al., 2007). This localized near
surfaceheatingcanalsoaffect the deepercorvection (Roberts
andNimmo, submittedfor publication),althoughhow thenear
surfaceheatingis initiatedremainsanopenquestion.

We have only considereda fully differentiatedEnceladus
(Schubertet al., 2007). However, it may be that Enceladuds
only partially differentiatedandthe interior similar to Callisto
(Nageletal.,2004;McKinnon,2006, whereanoceammaytill
be present(Zimmer et al., 2000. In this case the ice—silicate
mantlewill have a higherrigidity andviscositythanpureice,
substantiallyreducingthetidal dissipation.Sucha bodywould
probablybe conductve ratherthan corvective. We expectthe
former effect would promotethe cooling of the interior and
causetheoceano freezemorerapidly.

6.5. Summary

To summarizeourresultswe nd thataliquid oceancannot
exist in thermalequilibriumbeneathheice shell of Enceladus,
for either corvective or conductve ice shells.Heat transport
acrossthe ice shell is smply too ef cient comparedwith the
smallamountof radiogenicheatgeneratedn the silicate core.
This conclusionis supportedby independentlynamicalargu-
ments(Meyer and Wisdom, 2007), which suggestthat the ob-
senedheatanomaly(Spenceetal., 2006 cannotbesustained,
given Enceladus’currenteccentricity Our resultsdo not pre-
cludethe existenceof atransientocean)eft over from a period
of higherheating,dueto highereccentricity Someof themod-
els shown hereare ableto replicatethe 3—7 GW obsenred by
Spenceetal. (2006)for the southpole, but the modelscannot
reproducehe spatial pattern.Futurework in thisareamaycon-
siderthe effectsof alternateheatingmechanismssuchasshear
heating(Nimmo et al., 2007, andthe effectsof chemicalhet-
erogeneityonthecornvective planformandthermalevolution of
Enceladus.
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Appendix A. Solution method for tidal dissipation radial
functions

In our methodof solving for the tidal dissipationwithin
Enceladugiescribedn Section2, we have generallyfollowed
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Fig. 9. Resultsfor benchmarkinghetidal dissipationcode.(a—d) Radialfunctionsfor ahomogeneoubody (dashedines),andfor a layeredbody compsedof a
silicatemantle(solid lines) overlying aniron core,using parameterérom Tobieet a. (2005) and equivalentto their Fig. 2. For thelayeredmodel,resultsareonly
shawn for thesilicateportion. (e) Plot of Love numbergthin lines)and phasdags(bold lines)vsice viscosityfor the Europamodelof Mooreand Schuber{2000)
Comparabléo their Fig. 2. Note thatthe Love numbersarefor the casewith no lithosphere and the double-pea&d phasdagsarefor the casewith alithosphere.
(f) Phasdag of h, asafunctionof shellthicknessandice viscosityfor the Europamodel(Moore and Schubert2000 with anoceanComparabléeo their Fig. 3.

a methodsimilar to that outlined by Tobie et al. (2005) the
detailsfor which comefrom earlierworks on free oscillations
motivated by terrestrialseismologicalproblems(Peleris and
Jarosch1958;Altermanetal., 1959; TakeuchiandSaito,1972
andarenot repeatedherein greaterdetailthanthe summaryin
Section2. However, our solutionmethoddiffersfrom Tobie et
al. (2005)in onekey respectwe do not usea numericalshoot-
ing methodto solwve for the radial functions,but an analytical
propagtormatrix approactbasen SabadinendVermeersen
(2004) whichwe describehere.

The radial functions,y; satisfy a set of six rst-order lin-
earequationdEqg. (3)] andsix boundaryconditions[Eq. (4)].
Peleris and Jarosch(1958) give an analytical solution for
a homogeneoudody Enceladusis probably differentiated
(Schubertet al., 2007 and its material propertiesvary sub-
stantiallywith radius.An analyticalsolutionis impossiblefor a
fully variablebody However, if we treatEnceladussa set of
spherically-symmetri€¢onion-skin” layers,we canusea prop-
agator matrix (Sabadiniand Vermeersen2004) techniqueto
solvefor they;, assuminghatthe materialpropertie, , )
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areconstantwithin eachlayer. For a givenlayerk, we canex-

pressthesolutionvectory® = y) in termsof thefundamental
matrix Y anda vectorintegrationconstantCk) that describes
the internal boundaryconditionsfor that layer (Sabadiniand
Vermeerser?004).

y(+ D = yk+1) I C. (A.1)

Y andits inverseare6x 6 matricesandarede ned by Sabadini
andVermeerser{2004) Thereis no needto explicitly nd C
for eachlayer Theinternalboundaryconditionsthey represent
arisefrom thefactthaty; mustbecontinuousacrosseachlayer
interface

k K
yi( +1)|rk ( )ll'k'

=y, (A.2)

wherery is theradiusof theinterfacebetweerlayerk andlayer
k+ 1 above.We canexpresshe C for onelayerin termsof the
other:

vl ol D) = 0] ),

clrd= v St v el (A3)
andthereforeatary pointin layerk + 1

31
y(k+ 1)(r) — Y(k+ l)(r) Y(k+ 1) |I’kY(k)|I’kC(k)- (A4)

We do this for all N layersin the body (wherek = 0 is the
innermostcore,andk = N S 1 is the top layer), sothatat the
surface:
1 -
Y(k)|rk yK) Sl|rks1
k=NS1

ylrs = YO(ro)c© (A.5)

andy everywhereis basedon the C of the lowestlayer, with
radiusrg, theinnermostcore. The conditionsatr = rg canbe
expressedsaninterfacematrix | as

YO (rg)c® = 14Co. (A.6)

Three boundaryconditionsare speci ed at the centerof the
body [Eq. (4)], thusreducinglg to only a 6 x 3 matrix and
Co to athreecomponentvector Cy is found from the surface
boundaryconditions after substitutingeq. (A.6) into (A.5),

0
Y®@r) YESD SY - 1g(ro)Co.

k=NS1
This permitsusto solve for the radial functionsy; atall points
in layersk = 1 to N S 1. Note that this approactrequiresthe
presencef a uid innermostcoreof radiusrg aslayerk = 0
insideof which the propertiesareunknovn. However, by mak-
ing this layersmall, its effect on the upperlayers(which areof
interesthere)is ngyligible.

TheLove numbersanberelatedto the surfacevaluesof the
yi’'s (Jobert,1973;Tobieetal., 2005,

ka=S (Yslr=R,, =2) S 1. (A.8)

We havebenchmarkdthepropagtormatrixsolutionagainst
thenumericakolutionby Tobieetal. (2005)for ahomogeneous
undifferentiatedbody (Figs. 9a—94d, and for a multi-layered

Ylrs = (A7)

h2 = yilr=r,, =2,
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body consistingof aniron core, silicate mantle,andice shell
includingalithospherdayerfrom Moore andSchuber{2000)
bothwith andwithoutanocean(Figs.9eand9f), and nd good
agreementvith thosestudies.Fluid layersareapproximateds
a low-viscosity low-rigidity viscoelastiomaterial.Rigidity, |,
andviscosity have beenreducedby a factorof 10° and10°
respectrely, from that of the overlying ice (Table1). This ap-
proximationis valid to within a few percentaslong ascareis
taken that the Maxwell time ( y = / p) of the uid layeris
not similar to the forcing period, and hasbeenbenchmarkd
againstan independentultilayer Love humbercode (Moore
andSchubert2000.

Usingthesamevaluesfor the materialpropertiesandorbital
parameterss Tobie etal. (2005)with our heatingformula,we
alsoreproducethe amplitude(0.3 nWmS2 globally averaged)
andpatternfor the heatingreportedby Tobieetal. (2005)for a
homogeneoubody.

Appendix B. Symbolsusedin this work

Although de ned in the text, we nd it corvenientto also
presenthe varioussymbolsusedin this paperandtheir mean-
ingsin Table3.

Table 3
Symbolsusedin this paper

Symbol Meaning Alternatename

A Pre-exponentialviscosityconstant

a,b,c  Primarycreepconstants

C Speci ¢ heat

Cc Vectorintegrationconstant

d Ice shellthickness

de Critical ice shell thickness

Ea Activation enelgy

Et Globaldissipationrate

e Eccentricity

e Unit vectorin r direction

f Localviscosityperturbatiorto
tidal heating

Fp Basalheat ux perunitarea (Tobieet al., 2005

Fc Coreheat ux perunitarea (Tobieet al., 2005

G Gravitational constant

g Gravitationalacceleration

H Volumetricinternalheatingrate

Ht Tidal heatingrateper unit volume

Hcore Hentproducedn the corerateper
unitvolume

ho Love number

lo Interfacematrix

i Inclination

K Compressibilityor bulk modulus

k Thermalconductvity

ko Love number

k, Fluid Love number

Sphericaharmonicdegree n (Peleris and Jarosch1958;
Altermanetal., 1959;
Takeuchietal., 1962;
TakeuchiandSaito,1972
m Sphericaharmonicorder
N2g Geoidat degree-2

(continuedon next page)
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Table 3(continued
Symbol Meaning Alternatename
n Geometricsurface-aredactor
P Pressure
pm Associated_egendrefunction
Q Nondimensionaload
Rp Radiusof baseof ice shell
Rc Coreradius
Rg Gasconstant
Rs Surfaceradius a (Peleris and Jarosch1958;
Altermanetal., 1959;
Takeuchietal., 1962;
TakeuchiandSaito,1972
Ra Rayleighnumber
r Radialposition
s Lengthquantity
T Temperature
To Surfacetemperature
To,eq Surfacetemperaturet equator
Th Basaltemperature
TT Tidal period
t Time
u Velocity vector
Y Propagatomatrix
Vi Radialfunctionsfor spheroidal U,V,P (Peleris and Jarosch,
oscillations 1958
Coefcient of thermalexpansion
T Temperatureifferenceacrossce
shell
i Kronecler delta
Densityperturbation
i Componentf strainin thei—
direction
i Componendf strainratein the e (TurcotteandSchubert,
i— direction 2002
Viscosity
0 Basalviscosity
eff Effective viscosity
ref Referenceviscosityfrom tidal
heatingmodels,usedto normalize
f
sil Silicateviscosity
Co-latitude
Thermaldiffusivity
Laméparameter
u Rigidity or sheamodulus G (TurcotteandSchubert,
2002
1] Visco-elastic'rigidity”
Density
0 Referencalensity
Stress
i Componenbf stressn thei— ij (Schuberetal., 2000
direction
M Maxwell time
Tidal potential
Longitude
Orbital angularfrequeng (Peleris and Jarosch1958;
Altermanetal., 1959
Meanmotion n (Murray and Dermott,1999;
Kaula, 1964
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