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Abstract

Tidal dissipationhasbeensuggestedas the heatsourcefor the southpolar thermalanomalyon Enceladus.We �nd that underpresent-day
conditionsandassumingMaxwellianbehavior, tidal dissipationis negligible in thesilicate core.Dissipationmay besigni�cant in theice shell if
theshell is decoupledfrom thesilicatecoreby a subsurfaceocean.We have run a seriesof self-consistentconvectionandconductionmodelsin
2D axisymmetricand3D sphericalgeometryin which we includethespatially-variabletidal heatproduction.We �nd that in all cases,theshell
removesmoreheatfrom the interior thancanbeproducedin thecoreby radioactive decay, resultingin coolingof the interior andthe freezing
of any ocean.Underlikely conditions,a 40-kmthick oceanmadeof purewaterwould freezesolid on a � 30 Ma timescale.An oceancontaining
otherchemicalcomponentswill have a lower freezingpoint,but evena water–ammoniaeutecticcompositionwill only prolongthefreezing,not
prevent it. If theeccentricityof Enceladuswerehigher(e � 0.015) in thepast,theincreaseddissipationin theice shell mayhave beensuf�cient
to maintaina liquid layer. We cannotthereforerule out the presenceof a transientocean,asa relic of an earliereraof greaterheating.If the
eccentricityis periodicallypumpedup, the oceanmay have thickenedandthinnedon a similar timescaleasthe orbital evolution, provided the
oceannever frozecompletely. Weconcludethatthecurrentheat�ux of Enceladusandany possiblesubsurfaceoceanis not in steady-state,andis
theremnantof anepochof highereccentricityandtidal dissipation.
� 2007Elsevier Inc. All rightsreserved.
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1. Intr oduction

The discovery of the thermal anomaly in the south po-
lar region of Enceladus(Spenceret al., 2006), has launched
a great deal of interest in potential activity in the ice shell.
5.8 ± 1.9 GW of heathave beenobserved pouringout of this
region (Spenceret al., 2006), andthe global heat�ux may be
anorderof magnitudehigher. Sucha heat�ux wasunexpected
from a body as small as Enceladus(252 km radius),which
undernormalcircumstanceswould have cooledvery quickly.
A likely heatsourcefor the observed thermalanomalyis on-
going internal heatingdue to tidal dissipation(Matsonet al.,
2007), anidea�rst examinedby Squyresetal. (1983)andRoss
andSchubert(1989)well beforethis observation. The tidally
dissipatedenergy, �Et within a satellite is a strong function of
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its orbital frequency � , eccentricitye, andradiusRs (Segatzet
al., 1988)

(1)�Et = Š
21
2

Im(k2)
(� Rs)5

G
e2,

whereG is the gravitational constant,and k2 is the degree-2
tidal Love number. The dissipationis also a function of the
materialpropertiesinsidethe satellite,which areglobally de-
scribedby k2, andwhichcanbefoundanalyticallyfor ahomo-
geneousbody (RossandSchubert,1989). For a homogeneous
body,

(2)k2 =
3/ 2

1 + 19�µ/( 2�g Rs)
,

where� is the density, g is the gravitational acceleration,and
�µ is thecomplex rigidity whichdependson therheology.

Enceladus,however, is unlikely to be homogeneous.The
tidal dissipationandk2 dependnot only on the materialprop-
erties of the planet,but the distribution of material as well.
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The thermalanomalysuggestsa warm, differentiatedinterior
(Schubertetal.,2007), consistingof asilicatecore,overlainby
an icy mantle,with a possibleoceanseparatingthe two layers
(Porcoetal., 2006;Nimmoetal., 2007).

Thegoalsof this paperareto determineto whatextenttidal
dissipationmayoccurin Enceladus,andhow thatheatisdistrib-
uted; to explore how that heatis removed throughconvection
and/or conduction;and to place constraintson the resulting
long-termstability and depthof the putative ocean.This pa-
per is organizedas follows. We �rst describeour modelsfor
tidal dissipationin multilayeredbodies,andpresenttheresults
of thosemodelsappliedto Enceladus.In thefollowing sections
we presentthe resultsof convectionandconductionmodeling
of Enceladus’ice shell includingviscoelastictidal heating.We
�nd thatunderpresent-dayconditions,tidal heatingin theinte-
rior of theiceshellandthesilicatecoreis insuf�cient to prevent
anoceanfrom freezing.Finally, we discusstheimplicationsof
thoseresultsfor the thermalevolution of Enceladus.We sug-
gestthat if thereis a subsurfaceoceanon Enceladustoday, it
cannotbe in thermalequilibrium.Thecurrentthermalactivity
is likely a remnantfrom anepochof greaterheatingandhigher
eccentricity(Meyer and Wisdom,2007), and the south polar
thermalanomalymay be due to a shallow heatsource,such
asshearheating(Nimmo et al., 2007), ratherthanvolumetric
Maxwelliantidal dissipation.

2. Tidal dissipation

Previous studiesof tidal dissipationin the Solar System
have generallybeenconcernedwith the total heatdissipated
globally (Kaula, 1964; Zschau,1978; Segatz et al., 1988;
Ross and Schubert,1989; Ojakangas and Stevenson,1989;
Moore andSchubert,2000). However, this approachprovides
no informationaboutthedistributionof thetidal heat.In acase
like Enceladus,wherea greatdeal of the heat �ux is local-
ized,understandingthisspatialvariationis critically important.
Furthermore,when this heatproductionis coupledwith heat
transfer(e.g.convection),thereis strongfeedbackbetweenthe
heatingrate at any given locationwithin the satellite and the
local temperatureand viscosity (Sotin et al., 2002). Because
convectionis a nonlinearprocess,usingtheglobally-averaged
heatingratemay be inappropriate.It is thereforenecessaryto
computethethree-dimensionaltidal heatingdistribution(Tobie
etal., 2005) to explorethisproblemfurther.

Here,webrie�y summarizetheprocedureusedto determine
the tidal heatdistribution insidea body. Our approachclosely
follows that outlined in Tobie et al. (2005); detailsare given
below whereour proceduredepartsfrom theirs.First, we di-
vided the body into material layers.For the purposesof this
study, theselayersarea small, liquid innermostcore(compris-
ing 0.1%of the total volumeandrequiredto avoid the singu-
larity at the origin), a silicatecore,a liquid waterocean,and
aniceshell. Theiceshellwasfurthersubdividedinto anumber
of smallerlayers(20–40dependingon thetotal thickness),and
eachlayerwasassignedaconstantdensity, rigidity, andviscos-
ity.

Second,we solved the equationsof motion (Pekeris and
Jarosch,1958;Altermanetal.,1959;TakeuchiandSaito,1972)
by makinguseof the sphericalsymmetryassumedin the pre-
vious stepandseparatingtheminto their radial andtangential
components.Following a methodsimilar to Alterman et al.
(1959)[but anotationmoresimilar to SabadiniandVermeersen
(2004)], the radial functionssatisfysix coupled�rst-order lin-
eardifferentialequations:

dy1

dr
= Š

2�
(� + 2µ)r

y1 +
1

(� + 2µ)
y3 +

��(� + 1)
(� + 2µ)r

y2,

dy2

dr
= Š

1
r

y1 +
1
r

y2 +
1
µ

y4,

dy3

dr
=

�
Š� 2�r 2 Š 4�g r +

4µ( 3� + 2µ)
(� + 2µ)

�
1
r 2 y1

Š
4µ

(� + 2µ)r
y3

+
�
�(� + 1)� gr Š

2µ( 3� + 2µ)�(� + 1)
(� + 2µ)

�
1
r 2 y2

+
�(� + 1)

r
y4 Š

�( � + 1)
r

y5 + �y 6,

dy4

dr
=

�
g� r Š

2µ( 3� + 2µ)
(� + 2µ)

�
1
r 2 y1 Š

�
(� + 2µ)r

y3

+
�
Š�� 2r 2 +

2µ
(� + 2µ)

�
�
�
2� 2 + 2� Š 1

�

+ 2µ
�
� 2 + � Š 1

��
�

1
r 2 y2 Š

3
r

y4 +
�
r

y5,

dy5

dr
= Š 4�G � y1 Š

� + 1
r

y5 + y6,

(3)
dy6

dr
= Š

4�G � � (� + 1)
r

y1 +
4�G � � (� + 1)

r
y2 +

� Š 1
r

y6,

where y1–6 correspondto the radial and tangentialdisplace-
ments,radial and tangentialstresses,potential,and potential
stress,respectively, µ is the rigidity or shearmodulus,� is
the otherLaméparameter, � is the sphericalharmonicdegree,
and r is the radial position. We solved the radial functions
[Eq. (3)] usingthepropagatormatrix techniqueof Sabadiniand
Vermeersen(2004), subjectto thesurfaceboundaryconditions
appropriatefor forcedoscillations

y1|r = 0 = 0, y2|r = 0 = 0, y5|r = 0 = 0,

(4)y3|r = Rs = 0, y4|r = Rs = 0, y6|Rs = Š
2� + 1

Rs
.

Moredetailsonthissolutionmethodcanbefoundin Appen-
dix A. Theappropriatetangentialfunctionto usein this caseis
the tidal potential,� (Kaula, 1964), which for small inclina-
tionsandto �rst-order in eccentricityis

� = R2
s � 2e

�
Š

3
2

P0
2 (cos�) cos�t +
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4

P2
2 (cos�)

(5)× [ 3cos�t cos2	 + 4 sin�t sin2	 ]
�

for longitude	 andcolatitude� , wherePm
� is the associated

Legendrepolynomial at sphericalharmonicdegree� and or-
derm. We computedtheradial functionsyi at themidpointof
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Table1
Tidal heatingmodelparameters

Layer Router (km) � (kgmŠ3) µ (GPa) 
 (Pas)

Core 160 3500 67 1017

Ocean Rc � Ro � Rice 1000 0.4 104

Ice Ro � Rice � Rlith 950 4 1013–1014

Lithosphere 250 950 4 1019–1020

e 0.0045
� 5.308× 10Š5 sŠ1

Notes. (1) Increasingthe core viscosity hasno appreciableeffect on the ice
layer. (2) Wetreattheoceanasa low-viscosity, low-rigidity layerratherthanas
aninviscid �uid. This approximationis acceptableas long as� M of theocean
is not closeto theforcing (orbital) period.

eachlayerandat theboundaries,andat eightequispacedtimes
overanorbitalperiod.Wecomputedthetidal potentialonareg-
ulargrid in latitudeandlongitude,typically 2� × 2� .

Third, we determinedthe strain tensor� ij at eachpoint on
the 3D grid from the displacements(y1 andy2), andusedthe
correspondenceprinciple (Biot, 1954) to determinethe stress
tensor
 ij ateachpointaswell at eachtime

(6)
 ij = 2 �µ� ij +
�
K Š

2
3

�µ
�
� kk� ij ,

whereK is the bulk modulusand � ij is the Kronecker delta.
Finally, we computethe heatingat eachpoint averagedover
the orbital (forcing) periodfrom the complex stressandstrain
rate (Schubertet al., 2000) and applying the correspondence
principle(Biot, 1954):

(7)�Et = �
�
Re(
 ij ) Re( �� ij ) + Im(
 ij ) Im( �� ij )

�
.

3. Tidal heating in Enceladus

Having developeda procedurefor calculatingthespatially-
variabletidal heatingin a multilayered,viscoelasticbody, we
now proceedto apply the resultsto Enceladus.In this section
we carry out simple calculationsof tidal dissipationfor dif-
ferentprescribedspherically-symmetricinternal structures,to
assessthe likely locationandmagnitudeof tidal heatsources.
In reality, of course,lateralvariationin thetidal dissipationrate
createssimilar variationsin the interior temperaturestructure,
which in turn affectsthe viscosity structure.In Section4 we
perturbthe local heatproductionbasedon the local viscosity
valuesin the convection models.We do not, however, con-
siderlateralvariationsin materialpropertieswhencalculating
thebackgroundheatproductionrate.Suchheterogeneitycanbe
treatednumerically(Latychev etal.,2005), but is computation-
ally expensive andbeyond the scopeof this paper. The global
parametersusedaresummarizedin Table1.

The extent to which heatcanbe dissipatedwithin the sili-
catecoreis importantfor investigating whetherlocalizedseas
canbe generateddueto basalheatingof the ice shell (Collins
and Goodman,2007) and whetherammoniacan be broken
down to form the N2 observed in the plume (Matsonet al.,
2007). Fig. 1 shows the tidal heatingin the Maxwellian core
asa functionof coreviscosity. Only when
 sil < 1014 Pas does

Fig. 1. Tidal heatingof thesilicatecoreof Enceladusasa functionof viscosity
(solid line), comparedwith present-dayradiogenicheatingassuminga chon-
dritic composition(dashedline). Thecorehasadensityof 3500kgmŠ3, radius
of 160km, and a rigidity of 67 GPa.A 20 km thick layerof wateranda 70 km
thick layerof ice lie atopthecore.

the tidal heating(solid line) approachthe present-dayradi-
ogenicheat(� 1.8× 10Š8 W mŠ3; MulthaupandSpohn,2007;
Schubertetal.,2007) for achondriticcore(dashedline). While
a high melt fractionmayreducetheviscosity, asis believedto
bethecasefor Io (ScottandKohlstedt,2004a), it is not possi-
ble to achieve a valueaslow as1014 Pas in a silicate material.
Experimentson the �o w of silicate with high melt fractions
indicatethat 
 sil > 1015 Pas even if the melt fraction is 0.25,
nearthecritical valuefor disaggregation (ScottandKohlstedt,
2004a,2004b).

Thetidal heatingin asatelliteis astrongfunctionof its size,
with theglobaldissipationincreasingasR7

s , andthevolumet-
ric rateasR4

s , for the casein which �µ/(� gRs) � 1 [Eqs. (1)
and(2)]. Io’s radiusis morethanten timesthat of Enceladus’
core and thus would be expectedto produceover 107 times
more heat. If we use Io’s actual radius and orbital parame-
ters(Murray andDermott,1999), andassumethat its material
propertiesarethesameasour Enceladusmodel,we �nd using
Eqs.(2) and(1) that Io shoulddissipate6 × 106 asmuchheat
asEnceladus’core.The presentday surfaceheat�ux at Io is
2.5–3.0W mŠ2 (Veederetal.,2004), suggestingthatdissipation
within the silicate portion of Enceladusshouldbe � 0.02GW,
or 1.2 × 10Š9 W mŠ3. Hence,we would not expectsigni�cant
dissipationin Enceladus’core,even if we assumedan Io-like
rheologywith apartiallymolteninterior.

Thus, under reasonable rheologic conditions (
 sil >
1015 Pas), we �nd it is notpossibleto generatesigni�cant tidal
dissipationin the silicatecore.We thereforeconcludethat ra-
dioactivedecayis theonly signi�cant heatsourcein thesilicate
layer, producinga total of 0.3 GW. This resultis in contrastto
the works of Collins andGoodman(2007) and Matsonet al.
(2007), who assumethat � 7 GW of heat is producedin the
silicatecore.
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(a)

(b)

Fig. 2. Surfaceheat �ux predictedfrom tidal heatingmodels for Enceladus
usingparametersin Table1. Horizontalline showstheheat�ux measuredin the
southpolar region (Spenceret al., 2006). Vertical line indicatesthe minimum
shellthicknessconsideredfor convectionmodels.µ = 4 GPa. For (a),viscosity
is constantin theiceshell.For (b), thetophalf of theiceshellis ahigh viscosity
(106× thelower layer)lithosphere.

In the absenceof an ocean,the ice layer is locked onto the
coreandthedeformationof theformeris inhibitedby therela-
tiverigidity of thelatter. However, substantialtidal heatingmay
be producedin the ice shell if it is decoupledfrom the core
by a subsurfaceocean(MooreandSchubert,2000). Using the
methodsof Section2, an ice shell with constantviscosity of
3 × 1013 Pas, andrigidity of 4 GPawill dissipateonly 0.5GW
of heatif it is lockedontothecore,but will dissipate6.4GW if
thereis a 500m oceanbetweenthesolid layers.Fig. 2a shows
theglobally-averagedsurfaceheat�ux predictedby thesetidal

heatingmodelsasa functionof ice viscosity
 andshell thick-
nessd for aconstantviscosityiceshell. A thinnershellis more
easily deformableand hasa greatertidal heatingrate. How-
ever, a thin shell alsohasa smaller volume,limiting the total
heatproductionwithin it, andthusthe total heat�ux from the
surface.Thesetwo competingeffectsresult in a critical shell
thickness,dc atwhichthemaximumheat�o w occurs.Although
dc is viscosity-dependent,it is lessthan5 km for all themodels
consideredhere.dc is higherfor lower-viscosityshells,because
the low-viscosityshell is moreeasilydeformableandthusre-
quiresa greaterthicknessto substantiallyreducedeformation.

The heat�ux esshown in Fig. 2a arefor constant-viscosity
ice shells.This is intendedonly to show theeffect of thethick-
nessof theice shell andtheoceanon thetotal heatproduction,
and shouldnot be interpretedto representthe actualviscos-
ity structure.Theactualheat�ux is probablysigni�cantly less
than shown in Fig. 2a, becauseice viscosity is temperature-
dependent(GoldsbyandKohlstedt,2001), andtheiceshellwill
developa high viscositylithospherethatis resistantto tidal de-
formation.Not only doesthe lithospheredissipatevery little
heatitself, but it impedesthedeformationof thedeeperlayers
andreducestheglobalheating.Fig. 2b showstheheat�ux pro-
ducedby iceshellswith alithosphereequalto half thethickness
of thetotal iceshell. Thelithosphericviscosityis 106 timesthat
of the lower ice, andthe rigidity is thesame.The inclusionof
thelithospherestronglyreducesthetotaldissipation.For exam-
ple,a40km thick shellwith constantviscosityof 3× 1013 Pas
will dissipateenoughheatto generate26 mWmŠ2 at the sur-
face(Fig. 2a), but if theviscosityof the top 20 km is raisedto
3 × 1019 Pas, theheat�ux dropsto 6 mWmŠ2, a reductionof
morethana factorof 4. Sincemostof theheatis producednear
thebaseof theice shell andnot in theregion wheretheviscos-
ity wasincreased,thiseffectoccursbecausethepresenceof the
lithospherehasreducedtheoverall shelldeformation(andthus
k2). The dissipationrate is a combinationof the amplitudeof
thedissipationandthephaselags(MooreandSchubert,2000).
Thephaselagis higherfor highviscositymodels,but theampli-
tudeis low. Whenno lithosphereis present(Fig. 2a), thehigh
amplitudein the low viscosity shellsyield high dissipations.
Whena lithosphereis present(Fig. 2b), thedeformationis re-
strictedat all depths,but thephaselag in thedeepice is not so
affected.Thusthedissipationis moreseverelyreducedfor low
basalviscosity(
 0 = 1013 Pas) models,particularlyat low d.

Theprimarycontrolson tidal dissipationin our modelsare
the viscosity structureand the thicknessof the ice shell (i.e.
thedepthto theocean).We have investigatedtheeffectsof this
tidal heatingon thesurfaceheat�ux, andtheshell thicknessby
modelingconvectionandconductionin theiceshell. In thenext
section(Section4) we presentour convectionmodels,includ-
ing thetidal heatingasa spatiallyvaryinginternalheatsource,
for variousprescribedbasalviscositiesand shell thicknesses.
This internalheatingcontrolsthe heat�ux at the surfaceand
the bottomof the ice shell. We comparethe bottomheat�ux
to thesub-iceheatprovidedby radioactivedecayin thesilicate
core,to assesswhetheror not the interior (andespeciallythe
ocean)is cooling or heating(Moore, 2006). In Section5, we
presentmodelsof conduction,in which we determinethe ice
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shell thicknessthat is consistentwith thetemperatureandheat
�ux boundaryconditionsat thebaseof theice shell, for a self-
consistenticeviscositystructure(cf. OjakangasandStevenson,
1989).

4. Convection

Despitethesmall sizeof Enceladus,thelow viscosityof ice
andthe large potentialfor internalheatgenerationmay make
convectionanef�cient processfor heattransfer(Barr andMc-
Kinnon,2007). An upwellingdiapirmaybeagoodwayto gen-
eratethelocalizedheat�o w in thesouthpolarregion (Spencer
et al., 2006). Densityanomaliesandthegeoidassociatedwith
suchanupwellingmayalsoberesponsiblefor anepisodeof po-
lar reorientationpossiblyexplainingthelocationof thehotspot
(NimmoandPappalardo,2006).

4.1. Modeling

To investigate the behavior of convection underspatially-
variabletidal heating,we modeledconvection in the ice shell
usingsphericalshell convectionmodelsfor an incompressible
�uid and using the Boussinesqapproximation.We usedthe
�nite-element convection codesCitcom (Robertsand Zhong,
2004) andCitcomS(Zhonget al., 2000), to which we madea
few key modi�cationsdiscussedbelow.

Of primary interestto us is the thicknessof the oceanbe-
neaththe ice shell, thereforeour modelsassumeits existence.
Theoceandecouplestheice shell from thesilicatecore,sowe
imposefree-slipboundaryconditionsat thesurfaceandbaseof
theice shell,andconsiderconvectionin theice shell only. The
ice shell is heatedbothfrom below by radioactive decayin the
core,andfrom within by tidal dissipationin theiceshell.

Theconvectionis governedby theequationsof conservation
of mass,momentumandenergy:

� · �u = 0,

Š� P + � ·
�


�
� �u + � T �u

��
+ �� g�er = 0,

(8)
�T
�t

+ �u · � T = � � 2T + H,

where�u is thevelocity, P is thepressure,
 is theviscosity, T
is thetemperature,�� is thedensityperturbationfrom themean
density� 0, g is thegravitationalacceleration,�er is aunit vector
in theradialdirection,t is time,and� is thethermaldiffusivity.
H is thevolumetricrateof internalheating;in our casethis is
thetidal dissipation,andH variesspatially.

At thetemperaturesandlow pressurescorrespondingto con-
vectionwithin Enceladus’ice shell,Newtoniandiffusioncreep
is likely to dominate(Moore, 2006). We usea temperature-
dependentNewtonianrheologyfor theiceshell

(9)
 = A exp
�

Ea

RgT

�
,

whereEa is the activation energy, andRg is the gasconstant.
A is a pre-exponentialconstantsuchthatat thebaseof the ice
shell,
 = 
 0, thebasalreferenceviscosity.

We assumethe ice shell is in thermalequilibrium with the
oceanandthe lower boundaryis thereforeat themeltingpoint
of water (273 K). The surfacetemperature,T0 is constantin
time,but varieswith co-latitude,� dueto thevariationin inso-
lation (OjakangasandStevenson,1989), suchthat

T0(� ) = [ sin� ]1/ 4T0,eq, i < � < � Š i,
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T0,eq, � > � Š i.

T0(� ) is normalizedto its valueat the equator, T0,eq, and i is
theinclinationof therotationaxisto theorbitalplaneaboutthe
Sun.Notethatthis is not thesameasEnceladus’inclinationto
its orbit aboutSaturn,which is verycloseto zero.Thus,weuse
Saturn’s obliquity of 27� (Murray andDermott,1999) for this
value.

We usethe following nondimensionalizationsfor thequan-
titiesabove:
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(11)V � =
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Rg�T

, T �
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�T
,

whereall primedquantitiesarenondimensional.�T is thetem-
peraturedifferenceacrossthe ice shell at theequator, � 0 is the
referencedensity, C is the speci�c heat,ands representsany
lengthquantity. NotethatalthoughT � is 0 on theequatorat the
surface,thedimensionlesssurfacetemperatureT �

0 is not 0. We
useEq. (11) to nondimensionalizethegoverningandrheologic
equations(8) and(9). Droppingtheprimes,weobtain

� · �u = 0,

Š� P + � ·
�
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� �u + � T �u

��
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�T
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E
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Š
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Thevigor of convectionis characterizedby thedimension-
lessRayleighnumber, Ra,

(13)Ra=
� 0g� �T R3

s

� 
 0
,

where� is thethermalexpansivity. Notethatwe useRs asthe
length scale, and not the layer thickness,d. Our Ra will be
greaterby a factor of (Rs/d )3 from Ra de�ned in that man-
ner.

For a given set of model parameters,we �rst ran a tidal
heatingmodelfor an isoviscousshell (
 = 
 0) asdescribedin
Section3 to determineareferenceheatingdistribution.Wethen
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setupacorrespondingconvectionmodel,in whichweimported
theresultsof thetidal heatingmodelsinto Citcom andinterpo-
latedthemontotheCitcommeshasaspatiallyvariableinternal
heatingrate.We ran the convection model with temperature-
dependentviscosityto astatisticalsteady-state,anddetermined
thestagnant-lidthicknessfrom the�nal radialtemperatureand
viscositypro�le. We thenran a secondtidal heatingmodel in
which we includedthestagnantlid asa secondviscositylayer.
The viscosity in the lid wasincreasedby a factorof 106 over
thedeepiceshell. Finally, weranasecondconvectionmodelto
statisticalsteady-statebasedon thenew tidal heating.

2D-axisymmetricconvectionmodelsuseda numericalgrid
of 192equallyspacedelementsin latitude,andeither48 or 64
radial elements,re�ned nearthe boundaries.Selectedmodels
wererun in 3D on 12 processorsof a PC cluster, usinga nu-
merical grid with 1.3 million elements.Details aboutthe 3D
grid setupcanbefoundin Zhongetal. (2000).

Our tidal heatingmodels,by necessity, assumeconstantma-
terialpropertieswithin eachlayer. However, lateraltemperature
andthereforeviscosityvariationscanbequitestrongin a con-
vectingsystem.Furthermore,the two-layerviscositystructure
usedin the tidal heatingmodelsdoesnot fully re�ect the ra-
dial variationsin viscosity due to temperaturevariationsthat
evolve during convection.To accountfor thesevariations,at
every timestepof theconvectioncalculations,weperturbedthe
tidal heatingfor eachelementby a factor f (Ojakangas and
Stevenson,1989;Sotinetal., 2002;HanandShowman,2007)

(14)f =
�

�
/ µ
1+ (� 
 /µ) 2

� � �
�
 ref/µ

1+ (� 
 ref/µ) 2

�

suchthat f = 1 whenthe local viscosity, 
 is equalto theref-
erenceviscosity 
 ref for the appropriateviscosity layer in the
tidal heatingmodels.For the preliminarytidal heatingmodels
with an isoviscousshell, 
 ref = 
 0. For the tidal heatingmod-
els with two viscositylayers,
 ref = 
 0 in the lower layer, and

 ref = 106
 0 in theupperlayer. At eachtimestepof theconvec-
tion calculation,the governingequations(12) aresolved, and
the viscosityfor eachelementis updatedaccordingto Eq. (9)
basedon the current temperature�eld. The tidal heatingas-
signedto a particular elementis the tidal heatingpredicted
from thesphericallysymmetrictidal heatingmodelsdescribed
in Section2, multiplied by f . The advantageto this approach
is thatfor everysetof parameters,theheatingmodelneedonly
be computedonceratherthanat every timestep.Note that the
presenceof a lithospherein reducingthe global deformation
(Figs.2aand2b) is takeninto accountby ourprocedure.

4.2. Results

Our chief goal is to determinea regime of ice shell thick-
nessd, and referenceviscosity 
 0, that may be in thermal
equilibriumwith anocean,meaningthat thebasalheat�ux Fb
acrossthebottomconvectiveboundarylayerin theiceshellis in
balancewith theheat�ux outof thecoreFc. Becausetheradius
of thecoreandtheradiusof thebaseof theiceshell areunequal,
wemustmodify Fc by ageometricalfactorn = (Rcore/R base)2,

Table2
Convectionandconductionmodelparameters

Rs 250km
Rb 170–210km
Tb 273K
T0,eq 80K
Ea 60kJmolŠ1

g 0.114msŠ2

k 4 WmŠ1 KŠ1

� 10Š4 KŠ1

� 1.18× 10Š6 m2 sŠ1

� 0 950kgmŠ3

µ 4 GPa

 0 1013–1014 Pas
� 5.308× 10Š5 sŠ1

i 27�

beforecomparingit to Fb. If Fb > n Fc, thenmoreheatis be-
ing extractedfrom theoceanthanis beingproducedby thecore
below, andoceanfreezingwill occur.

We ranseveralconvectioncalculationsexploring the(
 0, d)
parameterspace.For eachmodel,we �rst generateda refer-
encetidal heatingdistribution using the methodoutlined in
Section2. The referencetidal dissipationwascomputedon a
2� × 2� regular surfacegrid at 20–40pointsradially (depend-
ing on d). For the determinationof the referencetidal dissi-
pation,the ice shell consistedof two viscosity layers,a lower
layerat 
 0, anda lithosphereat 106 × 
 0. Thethicknessof the
lithospherevariedbasedon d and
 0, andwascomputedasde-
scribedabove from the resultsof an initial convectionmodel
in which thetidal heatassumedanisoviscousshell.Themodel
parametersaresummarizedin Table2.

An example of the initial heating distribution, averaged
about the rotation axis is shown in Fig. 3a, with d = 70km
and 
 0 = 3 × 1013 Pas. Note that the heatingis greatestnear
thebaseof the ice shell andespeciallyat thepolar regions.In
the lithosphericlayer, the heatingis insigni�cant (but we in-
cludeit in theconvectionmodels).Thereferenceheatingvalue
was interpolatedonto the Citcom grid, and the correspond-
ing convectionmodel was run. In the convectioncalculation,
the lithospheredevelopedself-consistentlythrough the rheo-
logic equation(9), andthe tidal heatingwascomputedat each
timestepbasedon the local viscosity [Eq. (14)]. The steady-
state lithospheric thicknesswas then usedto recomputethe
backgroundtidal dissipationwhich wasthenusedasthestart-
ing pointfor thesubsequentconvectionmodel.Eachcalculation
was run until the heat �ux reacheda statistical steady-state.
The�nal heatdistribution(Fig.3b) is notdramaticallydifferent
from the initial, but doesre�ect the convective structurewith
pronounceddownwellingsandweakerupwellings.Becausethe
basaltemperatureis �x ed, the basalheat�ux dependson the
interiortemperature,whichin turndependsupontheheatdistri-
butionin theiceshell.Fig.3c showsthe�nal radialtemperature
pro�le for the casein Fig. 3b. The ice shell in this casehasa
verythick stagnantlid in whichheatproductionis insigni�cant.
This lid insulatesthe interior very effectively, raisingthe inte-
rior temperatureto nearthe melting point. Thereis, however,
a thin lowerboundarylayer, acrosswhich Fb = 22mWmŠ2.
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Fig. 3. Initial (a)and�nal (b) heatingdistributionsfor an axisymmetricconvec-
tionmodelwith a70 kmthick iceshell abovea20km oceanwith basalviscosity
3 × 1013 Pas, anda lithosphericthicknessof 38 km. Theheatingratesshown
arein termsof 10Š9 W mŠ3. (c) Radialtemperaturepro�le for thecaseshown
in (b). Tidal dissipationin theinterior generatesheatin thedeeppartof theice
shell,heatingthis region almostto themeltingpoint.A thick (40 km) stagnant
lid insulatesthe lower region. Thebasalheat�ux in this caseis 22 mW mŠ2,
andthesurfaceheat�ux is 15 mW mŠ3, for a global total of 9.0and 11.8GW
at thebaseandsurface,respectively.

For this particularmodel,despitethe high interior temper-
ature,Fb is still far in excessof the chondritic value of nFc
(0.75 mW mŠ2 at Rb = 180km, which correspondsto �E =
0.3 GW in the core),suggestingthat either a thicker shell or
greaterinternalheatingis requiredfor long-termequilibrium.
We ran a total of 11 casesto determinethe effect of d and

 0 on the heat �o w balance.Fig. 4 summarizesthe results
for the heat�o w from the 2D axisymmetricconvectionmod-
els.

(a)

(b)

Fig. 4. Globalheat�o w acrossthesurface(a) and baseof the ice shell (b) for
convectionmodels.Solid line representstheconductive heat�o w. Dashedline
is theheatgeneratedby radioactive decayin thesilicate core.Note in (b) that
somecaseswith 
 0 = 1013 Pas havelower heat�o w thanwould be removed
conductively. Thesemodelsaresowarmthatmelting is widespread.

In generalwe found that the heat�o w at both boundaries
increasedwith increasingRa (i.e. with decreasingviscosity)
andwith decreasingshell thickness(Fig. 4). Notethatthehigh
referenceviscosity (1014 Pas) modelsareessentiallyconduc-
tive if the shell is thinner than 70 km. Note also, that while
the low viscosity (1013 Pas) modelshave the highestsurface
heat�o ws, their basalheat�o ws are similar to thosefor the
high referenceviscosity cases,and in somecasesare below
the conductive value.The low referenceviscosityshellshave
substantiallymoreheatto remove.Althoughthey convectmore
vigorously, theseweaker shellshave very warm interiors (al-
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thoughstill below themeltingpoint),andarethusinef�cient at
cooling the core.Nevertheless,in every casefar moreheatis
drawn acrossthebaseof theice shell thancanbegeneratedby
radioactive decayin thecore(dashedline in Fig. 4b), implying
arapidcoolingof theoceanandinterior. Thiskey resultwill be
discussedin moredetail in Section6.

5. Conduction

Wehavealsoconsideredthepossibilitythattheiceshellmay
beconductive. This is certainlythecaseif the ice shell is thin
(� 40 km), or if the ice referenceviscosity is relatively high
(� 1014 Pas).

5.1. Modeling

Ourgoalis to determinewhatconductive iceshellthickness
d will bein thermalequilibriumwith a liquid oceanbeneathit.
Thermalequilibrium requiresnot only that the baseof the ice
shellbeat thesametemperatureastheocean,but alsothat the
heat�o w acrossthe baseof the ice shell is equalto the radi-
ogenicheatproducedin thesilicatecore.Thatis, weattemptto
�nd ashell thicknessin whichheatproductionandheatlossare
in balance,resultingin nonetheatingor coolingof theinterior,
andthusno freezingof theoceanor meltingof theiceshell.

Unlike a convective system,the interior of a conductive ice
shellis farfrom isothermal.Thestrongradialtemperaturevaria-
tion throughouttheiceshellleadsto strongviscosityvariations.
Our tidal heatingmodel requiresconstantviscosity within a
layer, thereforewebreaktheiceshellinto anonion-skinmodel
of 2-km thick layers.We make an initial guessasto the thick-
nessandradialviscositystructureof theice shell andcalculate
the tidal dissipation,HT (r, � ). In steadystate,the conductive
temperaturewithin theiceshellsatis�es:

(15)k� 2T + HT (r, � ) = 0,

where k is the thermal conductivity. We then determinethe
2D-axisymmetricconductive temperaturepro�le subjectto this
heatingandto thesametemperatureboundaryconditionsasin
theconvectioncase.Thebottomof theshell is at 273K (melt-
ing point of water),and the equatorialsurfacetemperatureis
80 K, andvarieswith latitudeaccordingto Eq. (10). We then
recomputethe viscositybasedon this conductive temperature
pro�le, accordingto Eq. (9). If the ice shell is in thermalequi-
librium, thentheheat�o w acrossthebaseof theiceshell should
matchthe heat�o w producedby the core.The basalandcore
heat�ux es(Fb andFc, respectively) are

(16)Fb = Š k

�	

0

dT
dr

d�, Fc =
1
3

HcoreRc.

BecauseFc comesfrom radioactive decayin the core,we as-
sumethatit doesnotvarywith position.Basedonapresent-day
chondriticheatingrate,Fc = 0.95mWm2 at Rcore. If nFc does
notequalFb, weadjustthethicknessof theiceshell d, andcal-
culatethe tidal heatingfor thenew d and
 pro�le. We iterate
betweenthe tidal heatingand conductionmodelsuntil either

Fig. 5. Minimum Fb for a 90 km conductive ice shell as a function of the
basalviscosity. That is, the ice shell is as thick aspossible.The viscosity in
theshell is temperaturedependentwith Ea = 60kJ/ mol and the tidal heating
is calculatedaccordingly. In all cases,Fb exceedsFc from radioactive decay
(0.95mW mŠ2) in the core.

|Fb Š nFc| � 0.001, the shell melts completely, or the ocean
freezescompletely.

5.2. Results

Given Enceladus’currentorbital parameters,we �nd that
the oceanbeneatha conductive ice shell freezescompletely,
that is Fb > n Fc for all referenceviscositiesconsideredfor the
ice shell (1013–1014 Pas). Fig. 5 shows theminimumFb for a
conductive shell over an ocean,that is the Fb when the shell
is 90 km thick, andfor a constantk = 4 WmŠ1 KŠ1. Clearly,
thebasalheat�ux greatlyexceedstheexpectedradiogenicheat
�ux.

Theseresultsassumethat thecurrentorbital parametersare
in a steadystate.TheSaturnsystem,however, is very complex
dynamically. Onemight imaginethatthroughinteractionswith
othersatellites,Enceladus’eccentricitymay have beenhigher
in thepast(Meyer andWisdom,2007). If e � 0.0156(roughly
3.3timesthepresentvalue),theheatingin theiceshell is suf�-
cientto reduceFb below nFc, andwould permita liquid ocean
to persistlong-termbetweenthesilicate coreandtheice shell.
We show asanexampletheradial temperaturepro�le andheat
distribution for a 70-km thick conductive ice shell in thermal
equilibrium (Fig. 6), in which we have useda higher eccen-
tricity (e = 0.0156) than the currentone.The heatingis very
sensitive to the temperature(andviscosity),andis only strong
nearthebottomwheretheice is warm.

6. Discussion

6.1. Lifetimeof theocean

In both the tidally-heatedconvective andconductive cases,
we�nd thatheatis removedfrom theoceanof Enceladusfaster
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Fig. 6. Radial temperatureand heatdistributions for a 70-km thick conduc-
tive ice shell in thermalequilibrium with 
 0 = 3 × 1013 Pas. The heatingis
concentratedin thewarmer, lessviscouspartof theice shelland dropsoff dra-
matically whenT < 200K. Heatingis negligible in the upperhalf of the ice
shell.Fb = 0.95mWmŠ2 (the expectedvalue from radiogeniccore heating),
ande= 0.0156, exceedingthepresent-dayvalueby a factorof � 3.5.

than it is generatedby radioactive decayin the silicate core.
A largeamountof interior cooling(7–25mWmŠ2) occurs,re-
sultingin thefreezingof theoceanontothebaseof theiceshell.
A thicker ice shell resistsdeformationto a greaterdegreeand
is lessstrongly heated(Fig. 4b), acceleratingthe freezingof
theocean.Oncetheoceanfreezesentirely, the ice shell is me-
chanicallycoupledto the silicate core, severely reducingthe
tidal dissipationin theice. If Enceladusentersthis state,it will
likely remainfrozeninde�nitely, barringanexternalheatsource
deliveredto the interior. The timescalefor the freezingof the
oceandependsupon the initial thicknessof the ocean,but a
40km thick oceanwith (Fb Š nFc) = 8 mWmŠ2 will freezein
� 30Ma.

We have identi�ed four ways in which the lifetime of the
oceanmay be extended.The �rst is to have greaterheatpro-
duction in the core,therebyincreasingFc. However, it is not
obvioushow this would beaccomplished.Thecompositionof
the core is poorly known, but it is unlikely to be so differ-
ent from chondriticthat the radioactive heatproductionrateis
substantiallygreater. Tidal dissipationin thecoreis negligible
at any plausiblesilicate viscosity, assumingthe core behaves
in a Maxwellian manner;the coreradiusis simply too small.
The coremight behave in somenon-Maxwellianmannerthat
is moredissipative,but nosuchmechanismhasbeenproposed.
Unlike for largerplanetssuchasEarthor Mars,secularcooling
of thecoreis unlikely to bea signi�cant sourceof heattoday,
becausethediffusiontime for Enceladusis lessthan2 Ga.

The secondway to prolong the oceanis to increasethe
heatingin the ice shell, therebyreducingFb. Eliminating the
lithospherein thetidal dissipationmodelsfor convective shells
increasesthe global heatingby a factor of several (compare
Figs. 2a and2b). Fig. 7 shows the convective basalheat�ux
for the preliminaryrunsof all the casesshown in Fig. 4, that
is without the lithosphere.In this situation,the low-viscosity
(1013) ice shellshave suf�ciently low Fb to prevent the freez-
ing of the ocean.However, thesecasesalso have widespread

Fig. 7. Heat �ux acrossthe baseof the ice shell for convectionmodelswith
no lithosphere.Solid line is theheatgeneratedby radioactive decayin thesil-
icatecore.All valueshave beennormalizedto the surfaceareaof Enceladus.
Comparewith Fig. 4. Fb for 
 0 = 1014 Pas is very similar to the lithospheric
version,for 
 0 = 3× 1013 Pas Fb is slightly reduced.Fb for 
 0 = 1013 Pas is
greatlyreduced,and evennegative in somecases,indicatingthe ice is warmer
thantheunderlyingoceanandis melting.

overheatingandmelting of the ice shell. Theseice shellswill
thereforethin, becomeheatedeven more,andexperiencerun-
away melting until they becomeconductive. At this point the
heatingwill dropoff andtheshell will begin to thickenagain.
One might envision a situation in which the ice shell oscil-
lates betweena thick, convective, melting shell, and a thin,
conductive, freezingone. However, this scenariodependson
the assumptionthat convectioncantake placewithout a rigid,
near-surface layer developing, which contradictsthe general
experienceof stronglytemperature-dependentconvection(e.g.
Solomatov, 1995).

A third possibility for maintaininga liquid oceanis if the
liquid is not be pure water. If the oceancontainssubstantial
amountsof other volatiles (e.g. ammonia),the melting point
maybeseverelydepressed.We have testedthis by runningad-
ditionalconductionmodelsasin Section5 in whichwelowered
the basaltemperature.However, even at the H2O–NH3 peri-
tectic temperatureof 175K (Leliwa-Kopystyński et al., 2002),
theconductive Fb � 6 mWm2, which is still in excessof nFc.
This result is not unexpected:we have essentiallyreducedthe
temperaturecontrastby half, andthusreducedtheheat�ux by
thesamefraction.This is not suf�cient to prevent freezing,al-
thoughit will slow it down. Furthermore,thereis currentlyno
observational evidencefor NH3 in the plumes(Waite et al.,
2006). Therefore,while chemicaleffectsmay play an impor-
tant role in the oceanandice shell of Enceladus,they cannot
alonepreventthefreezingof theocean.

As a fourth possibility, we note that suf�ciently low ther-
mal conductivity due to near-surface porosity may slow the
heatlossfrom the interior below our estimates.However k <
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0.5 WmŠ1 KŠ1 is requiredto satisfy the conditionon Fb, an
unrealisticallylow value.

Studiesof orbitaldynamicssuggestthatthecurrentobserved
heat�ux cannotbe sustainedin the steadystate,independent
of the materialpropertiesof Enceladus(Meyer and Wisdom,
2007). If we relax the assumptionthat Enceladusis in the
steady-state,theapparenttransientnatureof asubsurfaceocean
becomeseasierto understand.Theglobal tidal dissipationis a
strongfunctionof eccentricity[Eq. (1)]. If e werehigherin the
past,the global tidal dissipationwould alsohave beenhigher.
A transientoceancould exist beneaththe ice shell todayasa
remnantof an earlier epochof higher heating.If Enceladus’
eccentricityis periodically pumpedup, then the oceancould
be periodically thickened,provided that it never freezescom-
pletely. The timescalefor orbital evolution is on the orderof
tensof Ma, similar to thefreezingtimescaleindicatedabove.

6.2. Truepolar wander

Truepolarwander(TPW) dueto buoyantupwellingsin the
iceshell havebeenproposedasanexplanationfor thesouthpo-
lar locationof the observed hotspot(Nimmo andPappalardo,
2006). If the lithosphereis suf�ciently strong(likely for Ts �
80K), the plume buoyancy is not compensatedby dynamic
topography at thesurface.Thenetnegative massanomalycan
causepolewardTPW if the loadcanovercomethe fossil rota-
tionalbulge(Willemann,1984). Largeamountsof reorientation
are achieved if the nondimensionalload, Q � 1 (Willemann,
1984), where

(17)Q =
3
	

5gN20

(Rs�) 2(k�
2 Š k2)

,

whereN20 is thegeoidatdegree-2andk�
2 is the�uid lovenum-

ber. For the Enceladusmodelsstudieshere,k2 is typically of
order0.01vs0.75for k�

2. The � = 2 geoiddueto internalloads
(ZhangandChristensen,1993) is

(18)N20(Rs) =
3
5

Rs	
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For a 40 km tall upwellingin thelower half of theice shell,
a densityreductionof about1.75%in thebuoyantupwellingis
requiredfor Q = 1. If thedensitycontrastarisespurelythrough
temperaturevariations,a lateralvariationof 175K is required.
This variationis not supportedby our models.However, local-
izedpartialmeltingnearthebaseof theice shell couldremove
impurities,enhancingthedensitycontrastbetweenthecleanice
in theupwellingandthedirty ice of thesurroundings(Nimmo
andPappalardo,2006). Suchthermochemicalmodelingis be-
yondthescopeof thispaper. Furthermore,althoughtheheating
patternis � = 2, this is notre�ectedverystronglyin thetemper-
aturepro�les, which aredominatedby � = 8 (Fig. 3). Effects
besidesthe tidal dissipationmay be requiredto explain the
southpolarthermalanomaly.

6.3. Spatialpattern

Also of interestis thespatialpatternof tidal heatingandthe
surfaceheat�ux, whichmaybeindicativeof thepatternof con-
vectionin theunderlyingmaterial.Theobservedthermalanom-
aly (Spenceret al., 2006) is a singlelargescalefeature,domi-
natedby sphericalharmonicdegree� = 1. If thehotspotis the
surfaceexpressionof convectionin theiceshell, thenit suggests
thattheconvectionis at thesamewavelength.Czechowski and
Leliwa-Kopystyński (2005)havenotedthecorrelationbetween
spatialpatternsof tidal heatingand�o w patterns,althoughthey
do not considerthe feedbackof the convection on the tidal
heatingpattern.However, developinga long-wavelengthcon-
vective patternis not easy. Degree-1convectionhasbeensuc-
cessfullymodeledfor theEarth(McNamaraandZhong,2005)
andMars (HarderandChristensen,1996;Breueret al., 1997;
Harder, 2000;RobertsandZhong,2006). However, thosemod-
els madeuseof mobile lids, phasetransitions,and/orstrong
radial viscosity variations,all of which help to increasethe
wavelengthof convection,andnoneof which areapplicableto
Enceladus.Furthermore,Enceladushassomeadditionalchar-
acteristicsthatserve to reducethewavelength.Thecoreis pro-
portionally much larger on Enceladus(Rc = 0.64Rs) thanon
Earthor Mars, resultingin a muchthinnerconvective region.
Thedominantheatsourcein the ice shellof Enceladusis tidal
dissipation,andthetidal potentialis entirelyan� = 2 function
(Kaula, 1964). It is not clearhow an � = 1 patternmay arise
from a� = 2 forcing.To studythisproblem,weransomeof the
convectioncasesfromSection4 in 3D.Fig.8showstheresidual
temperatureandthesphericalharmonicdecompositionfor tem-
peraturestructuresfor thesameparametersastheaxisymmetric
caseshown in Fig. 3. Theconvectionplanformis characterized
by a large number(� 30) of small-scaleupwellings,superim-
posedupona � = 2 background(Fig. 8a), ratherthana single
long-wavelengthupwelling that might explain the southpolar
hotspot.Thespectrumof temperaturestructuresalsoshows no
signi�cant powerat � = 1; it is oneof theweakestwavelengths
(Fig. 8b). Hence,our currentmodelscannotexplain the pre-
dominately� = 1 thermalanomalyobserved; this is anareaof
active investigation.

6.4. Alternaterheologiesandheatingmechanisms

Thechoiceof rheologyin the tidal heatingmodelsmayaf-
fect the amountof energy dissipatedin the body. Following
Sabadiniand Vermeersen(2004) and Tobie et al. (2005), we
have treatedEnceladusasa Maxwellianviscoelasticsolid [see
Eq. (6)], becausethis rheologymatchesthe real responseof
planetarymaterialsin both high frequency (� � 1/� M ) and
low frequency (� 
 1/� M ) limits (RossandSchubert,1986).
By comparison,the Kelvin–Voigt rheologicalmodeldoesnot
reproducetherealbehavior in eitherlimit.

It is conventional to considerthe steady-state(secondary)
creep of ice when calculating tidal heating.However, tidal
strainsarelow andtimescalesareshort, in whichcasethetran-
sient(initial or primary)creepof icemayplayarole(e.g.Sinha,
1978). For primary creep,the strain goesas 
 atb where
 is
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(a)

(b)

Fig. 8. (a) Isosurface of temperaturefor a 3D convection model with tidal
heating.Ra= 9.2 × 108, Ea = 60kJ/ mol. The isosurfaceis for T � = 0.95.
(b) Spectrumof temperaturestructuresfor the casein (a) at � = 1 and at the
threestrongestharmonics.Thereis no indicationin this,or other3D modelsof
a singlelong-wavelengthupwellingthatmight explain thesouthpolar thermal
anomaly(Spenceretal., 2006).

stress,anda andb areconstants.Integratingover a tidal cycle
of periodTT , the effective viscosityof the ice (= stress/strain
rate)is givenby


 eff = 
 1ŠaT1Šb
T cŠ1

(19)= 2.5× 1012



0.1 MPa



� 1.43
 TT

105 s

� 1/ 3

Pas,

wherec is a (temperature-dependent)constantandthenumeri-
cal valuesaretakenfrom Azizi (1989)for iceat268K.

This effective viscosityis somewhatlower thantherangeof
steady-statereferenceviscositiesassumed,suggestingthatpri-
marycreepmayplay a non-negligible role.Theeffective mod-
ulusof ice is alsoslightly frequency-dependent(Sinha,1978),
but the total variationis a factorof � 2 andis thusunlikely to
changeour results.

In this paper, we have not consideredthe effectsof non-
Maxwellian heatingmechanismson the tidal dissipation.One
suchpossibility is tidally-driven shearheatingalong the tiger
stripes,that may help explain the patternof heat�ux aswell
as the amplitude(Nimmo et al., 2007). This localized near
surfaceheatingcanalsoaffect the deeperconvection(Roberts
andNimmo,submittedfor publication),althoughhow thenear-
surfaceheatingis initiatedremainsanopenquestion.

We have only considereda fully differentiatedEnceladus
(Schubertet al., 2007). However, it may be that Enceladusis
only partially differentiated,andtheinterior similar to Callisto
(Nageletal.,2004;McKinnon,2006), whereanoceanmaystill
be present(Zimmer et al., 2000). In this case,the ice–silicate
mantlewill have a higherrigidity andviscositythanpureice,
substantiallyreducingthetidal dissipation.Sucha bodywould
probablybe conductive ratherthanconvective. We expect the
former effect would promotethe cooling of the interior and
causetheoceanto freezemorerapidly.

6.5. Summary

To summarizeour results,we �nd thata liquid oceancannot
exist in thermalequilibriumbeneaththeiceshell of Enceladus,
for either convective or conductive ice shells.Heat transport
acrossthe ice shell is simply too ef�cient comparedwith the
smallamountof radiogenicheatgeneratedin thesilicate core.
This conclusionis supportedby independentdynamicalargu-
ments(Meyer andWisdom,2007), which suggestthat theob-
servedheatanomaly(Spenceretal.,2006) cannotbesustained,
given Enceladus’currenteccentricity. Our resultsdo not pre-
cludetheexistenceof a transientocean,left over from a period
of higherheating,dueto highereccentricity. Someof themod-
els shown hereareableto replicatethe 3–7 GW observed by
Spenceret al. (2006)for thesouthpole,but themodelscannot
reproducethespatialpattern.Futurework in thisareamaycon-
sidertheeffectsof alternateheatingmechanisms,suchasshear
heating(Nimmo et al., 2007), andtheeffectsof chemicalhet-
erogeneityontheconvectiveplanformandthermalevolutionof
Enceladus.
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Appendix A. Solution method for tidal dissipation radial
functions

In our methodof solving for the tidal dissipationwithin
Enceladusdescribedin Section2, we have generallyfollowed
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Fig. 9. Resultsfor benchmarkingthetidal dissipationcode.(a–d)Radialfunctionsfor a homogeneousbody(dashedlines),andfor a layeredbodycomposedof a
silicatemantle(solid lines)overlying aniron core,usingparametersfrom Tobieet al. (2005), and equivalent to their Fig. 2. For thelayeredmodel,resultsareonly
shown for thesilicateportion.(e)Plotof Lovenumbers(thin lines)andphaselags(bold lines)vs iceviscosityfor theEuropamodelof MooreandSchubert(2000).
Comparableto their Fig. 2. Notethat theLove numbersarefor thecasewith no lithosphere,and thedouble-peakedphaselagsarefor thecasewith a lithosphere.
(f) Phaselagof h2 asa functionof shellthicknessandiceviscosityfor theEuropamodel(MooreandSchubert,2000) with anocean.Comparableto theirFig. 3.

a methodsimilar to that outlined by Tobie et al. (2005), the
detailsfor which comefrom earlierworks on free oscillations
motivatedby terrestrialseismologicalproblems(Pekeris and
Jarosch,1958;Altermanetal.,1959;TakeuchiandSaito,1972)
andarenot repeatedherein greaterdetail thanthesummaryin
Section2. However, our solutionmethoddiffersfrom Tobieet
al. (2005)in onekey respect:we do not usea numericalshoot-
ing methodto solve for the radial functions,but an analytical
propagator-matrixapproachbasedonSabadiniandVermeersen
(2004), whichwedescribehere.

The radial functions,yi satisfy a set of six �rst-order lin-
earequations[Eq. (3)] andsix boundaryconditions[Eq. (4)].
Pekeris and Jarosch(1958) give an analytical solution for
a homogeneousbody. Enceladusis probably differentiated
(Schubertet al., 2007) and its material propertiesvary sub-
stantiallywith radius.An analyticalsolutionis impossiblefor a
fully variablebody. However, if we treatEnceladusasa set of
spherically-symmetric“onion-skin” layers,we canusea prop-
agator matrix (Sabadiniand Vermeersen,2004) techniqueto
solve for theyi , assumingthatthematerialproperties(µ , � , � )
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areconstantwithin eachlayer. For a given layerk, we canex-
pressthesolutionvector�y(k) = y(k)

i in termsof thefundamental
matrix Y anda vectorintegrationconstant�C(k) that describes
the internal boundaryconditionsfor that layer (Sabadiniand
Vermeersen,2004).

(A.1)�y(k+ 1) |rk = Y(k+ 1) |rk
�C.

Y andits inverseare6× 6 matricesandarede�nedby Sabadini
andVermeersen(2004). Thereis no needto explicitly �nd �C
for eachlayer. Theinternalboundaryconditionsthey represent
arisefrom thefactthatyi mustbecontinuousacrosseachlayer
interface

(A.2)y(k+ 1)
i |rk = y(k)

i |rk ,

whererk is theradiusof theinterfacebetweenlayerk andlayer
k + 1 above.Wecanexpressthe �C for onelayerin termsof the
other:

Y(k+ 1) |rk
�C(k+ 1) = Y(k) |rk

�C(k),

(A.3)�C(k+ 1) =
�
Y(k+ 1) � Š1|rkY(k) |rk

�C(k)

andthereforeatany point in layerk + 1

(A.4)�y(k+ 1)(r ) = Y(k+ 1)(r )
�
Y(k+ 1) � Š1|rkY(k) |rk

�C(k).

We do this for all N layers in the body (wherek = 0 is the
innermostcore,andk = N Š 1 is the top layer),so thatat the
surface:

(A.5)�y|Rs =

�
1


k= NŠ1

Y(k) |rk

�
Y(k) � Š1|rkŠ1

�

Y(0)(r0) �C(0)

and �y everywhereis basedon the �C of the lowest layer, with
radiusr0, the innermostcore.The conditionsat r = r0 canbe
expressedasaninterfacematrix I 0 as

(A.6)Y(1)(r0) �C(1) = I 0 �C0.

Threeboundaryconditionsare speci�ed at the centerof the
body [Eq. (4)], thus reducingI 0 to only a 6 × 3 matrix and
�C0 to a threecomponentvector. �C0 is found from the surface
boundaryconditions,aftersubstitutingEq. (A.6) into (A.5),

(A.7)�y|Rs =

�
0


k= NŠ1

Y(k)(r )
�
Y(kŠ1) � Š1|rk

�

I 0(r0) �C0.

This permitsusto solve for theradial functionsyi at all points
in layersk = 1 to N Š 1. Note that this approachrequiresthe
presenceof a �uid innermostcoreof radiusr0 aslayer k = 0
insideof which thepropertiesareunknown. However, by mak-
ing this layersmall,its effect on theupperlayers(which areof
interesthere)is negligible.

TheLovenumberscanberelatedto thesurfacevaluesof the
yi ’s (Jobert,1973;Tobieetal., 2005),

(A.8)h2 = y1|r = Rs, � = 2, k2 = Š (y5|r = Rs, � = 2) Š 1.

Wehavebenchmarkedthepropagatormatrixsolutionagainst
thenumericalsolutionby Tobieetal. (2005)for ahomogeneous
undifferentiatedbody (Figs. 9a–9d), and for a multi-layered

body consistingof an iron core,silicatemantle,and ice shell
includinga lithospherelayerfrom MooreandSchubert(2000),
bothwith andwithoutanocean(Figs.9eand9f), and�nd good
agreementwith thosestudies.Fluid layersareapproximatedas
a low-viscosity, low-rigidity viscoelasticmaterial.Rigidity, µ ,
andviscosity, 
 have beenreducedby a factorof 106 and109

respectively, from that of the overlying ice (Table1). This ap-
proximationis valid to within a few percentaslong ascareis
taken that the Maxwell time (� M = 
/ µ ) of the �uid layer is
not similar to the forcing period,and hasbeenbenchmarked
againstan independentmultilayer Love numbercode(Moore
andSchubert,2000).

Usingthesamevaluesfor thematerialpropertiesandorbital
parametersasTobieet al. (2005)with our heatingformula,we
alsoreproducethe amplitude(0.3 nWmŠ3 globally averaged)
andpatternfor theheatingreportedby Tobieet al. (2005)for a
homogeneousbody.

Appendix B. Symbolsusedin this work

Although de�ned in the text, we �nd it convenientto also
presentthevarioussymbolsusedin this paperandtheir mean-
ingsin Table3.

Table3
Symbolsusedin thispaper

Symbol Meaning Alternatename

A Pre-exponentialviscosityconstant
a, b, c Primarycreepconstants
C Speci�c heat
�C Vectorintegrationconstant
d Iceshellthickness
dc Critical iceshell thickness
Ea Activation energy
�Et Globaldissipationrate

e Eccentricity
�er Unit vectorin r direction
f Local viscosityperturbationto

tidal heating
Fb Basalheat�ux perunit area � (Tobieet al., 2005)
Fc Coreheat�ux perunit area � (Tobieet al., 2005)
G Gravitationalconstant
g Gravitationalacceleration
H Volumetricinternalheatingrate
HT Tidal heatingrateperunit volume
Hcore Hentproducedin thecorerateper

unit volume
h2 Love number
I 0 Interfacematrix
i Inclination
K Compressibilityor bulk modulus
k Thermalconductivity
k2 Love number
k�
2 Fluid Love number

� Sphericalharmonicdegree n (Pekeris andJarosch,1958;
Altermanetal., 1959;
Takeuchietal., 1962;
TakeuchiandSaito,1972)

m Sphericalharmonicorder
N20 Geoidat degree-2

(continuedon next page)
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Table3(continued)

Symbol Meaning Alternatename

n Geometricsurface-areafactor
P Pressure
Pm

� AssociatedLegendrefunction
Q Nondimensionalload
Rb Radiusof baseof iceshell
Rc Coreradius
Rg Gasconstant
Rs Surfaceradius a (Pekeris andJarosch,1958;

Altermanetal., 1959;
Takeuchietal., 1962;
TakeuchiandSaito,1972)

Ra Rayleighnumber
r Radialposition
s Lengthquantity
T Temperature
T0 Surfacetemperature
T0,eq Surfacetemperatureat equator
Tb Basaltemperature
TT Tidal period
t Time
�u Velocity vector
Y Propagatormatrix
yi Radialfunctionsfor spheroidal

oscillations
U,V,P (Pekeris andJarosch,
1958)

� Coef�cient of thermalexpansion
�T Temperaturedifferenceacrossice

shell
� ij Kroneckerdelta
�� Densityperturbation
� ij Componentof strainin thei –j

direction
�� ij Componentof strainratein the

i –j direction
e (TurcotteandSchubert,
2002)


 Viscosity

 0 Basalviscosity

 eff Effective viscosity

 ref Referenceviscosityfrom tidal

heatingmodels,usedto normalize
f


 sil Silicateviscosity
� Co-latitude
� Thermaldiffusivity
� Laméparameter
µ Rigidity or shearmodulus G (TurcotteandSchubert,

2002)
�µ Visco-elastic“rigidity”
� Density
� 0 Referencedensity

 Stress

 ij Componentof stressin thei –j

direction
� ij (Schubertet al., 2000)

� M Maxwell time
� Tidal potential
	 Longitude
� Orbital angularfrequency 
 (Pekeris andJarosch,1958;

Altermanetal., 1959)
Meanmotion n (Murray andDermott,1999;

Kaula,1964)
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