
EART 265 Lecture Notes: Boundary Layers

We're interested here mainly in boundary layers relevant to planets, i.e. those of planetary atmo-
spheres, oceans and �uid cores. Of these, the atmospheric boundary layer is the best studied, and
therefore we'll rely mainly on that literature. However, the concepts will be kept as general as possi-
ble in order to be applicable to other important cases as well. There is a another class of important
boundary layer problems involving aerodynamics of objects moving in �uids, i.e. boats, airplanes,
birds, and the most important of all, golf balls, that we will not address here. For us, �uid boundary
layers are important because they are the interfacial region between the bulk �uid and the surface,
thus mediating all interactions between the two.

If we look back at the Navier-Stokes equations, we recall that the di�usivity term has the form
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Re∇
2u. We said that in general this term can be neglected relative to other terms such as advection

because most geophysical �ows have high Re and are thus turbulent. However, there must exist
some su�ciently small length scale such that Re is su�ciently small such that the di�usion term
becomes important. This region is the boundary layer, and is the thin region in the vicinity of a solid
(or liquid in the case of gas �ows) where di�usion is non-negligible. It is characterized by strong
gradients in velocity due to the no-slip requirement (see de�nition below).

Boundary layers can be either laminar or turbulent. Strictly speaking, even a turbulent boundary
layer will have some �nite region adjacent to the surface where the �uid �ow is laminar. The
free stream is the region outside the boundary layer; exactly where one ends and the other begins is
somewhat arbitrary, and may not be the same depending on whether one is interested in a momentum
or energy boundary layer. One common de�nition of the extent of the BL for momentum is the
region where u ≤ 0.99u∞, where u is the local velocity and u∞ is the free stream velocity. You can
conceive of a similar de�nition for, say, temperature. Turbulence in the boundary layer is the result
of two main processes: shear and buoyancy.

For simplicity, we'll focus on 2-D �ow (see Fig. 1), which allows the equations to be easier to use
while maintaining the relevant physical interpretations. One of the spatial dimensions will always
be height, and the other is drawn parallel to the mean �uid �ow (e.g. the mean wind).

De�nitions

Boundary layer: A region of �uid in the immediate vicinity of a bounding surface where strong
gradients of velocity (and, potentially, other variables such as temperature) occur. Outside
the boundary layer, the �uid has little to no awareness of the bounding surface. Note that
the vertical shear caused by the surface generates turbulence, which then promotes mixing.
Outside the boundary layer, �uid often mixes only very slowly because turbulence is relatively
uncommon.

Outer layer: The region outside of the inertial sublayer.

Inertial sublayer: The region of the boundary with the strongest gradients in velocity (and, there-
fore, temperature, moisture, etc.). Typically the surface layer is ∼10% of the thickness of the
boundary layer.

Viscous sublayer: The region of the boundary where viscous di�usion dominates turbulent di�u-
sion.
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Figure 1: Schematic of boundary layer. Notice the thin surface layer where the gradients in U are
highest. The thickness of the boundary layer is δ.

No-slip condition: The requirement that the relative velocity between a �uid and solid is zero at
the �uid/solid interface.

Analogy to Turbulence

There is a close analogy between the spatial structure of a turbulent boundary layer and the the
spectral structure of turbulence. At su�cient large Re, the structure of the turbulent boundary layer
is independent of viscosity, just as for the large scale structure of turbulence. At spatial scales much
smaller than the scale of the problem, the surface of the boundary layer serves as a momentum sink
due to viscosity, just like eddies at the Kolmogorov scale. The invariant, as we'll see, is the friction
velocity u∗ which is the rate at which momentum is transported to the solid surface. We de�ne some
parameters:

L: This is the scale height of the boundary layer. Analogous to L in turbulence.

η: This is the scale height of the viscous sublayer. Analogous to Kolmogorov scale in turbulence.

x: Distance along the surface.

z: Height above the surface (shown as y in Fig. 1).

2



u: Horizontal velocity (i.e. in x-direction or parallel to surface). One of the key results that we seek
is du/dz.

w: Vertical velocity (i.e. in z-direction or perpendicular to surface). Note that we assume that
w = 0, but w′ 6= 0.

The viscous sub-layer is de�ned as the region where Re∼ 1. Thus,

Re =
ηw′

ν
∼ 1 → η ∼ ν

w′

We will show that the time scale for transport is very short compared to that through the entire
boundary layer, so this is not the rate limiting step.

Looking at Figure 1, if we imagine the boundary layer to be at steady state (under the in�uence of a
constant pressure gradient dp/dx), then all derivatives in the x-direction must be zero (∂/∂x = 0).
We also see that there is a vertical gradient in the mean wind u; far away, the �ow is constant with
some values u0 but goes to zero (due to the no-slip condition) at the surface. This vertical velocity
shear creates turbulence and leads to vertical turbulent transport not only of momentum, but also
heat and tracers.

Since x-momentum is what changes in the z-direction, we write:

u
∂u

∂x
+ w

∂u

∂z
+

∂

∂x
u′u′ +

∂

∂z
w′u′ = ν

(
∂2u

∂x2
+
∂2u

∂z2

)

Turning all the x-derivatives to zero and assuming that w = 0 gives:

∂

∂z
w′u′ = ν

∂2u

∂z2
→ ∂

∂z

(
ν
∂u

∂z
− w′u′

)
= 0

Integrating:

ν
∂u

∂z
− w′u′ = constant

which is valid throughout the entire domain. This says that the vertical �ux of x-momentum is
constant (negative sign accounts for downward �ux of momentum), but that it takes two forms:
viscous di�usion and turbulent transport. It is customary to de�ne this constant as:

constant = u2
∗ ∼ (w′)2

where u∗is called the friction velocity (and is analogous to the energy dissipation rate since it is
invariant with space), and the second estimate assumes that u′ ∼ w′.

Prandtl Mixing Theory Revisited

Recall mixing theory predicts w′a′ ∼ −K da
dz and K ∼ w′`. Prandtl took mixing theory one step

further and postulated that one can estimate w′ in a shear �ow, such as in a turbulent boundary
layer, according to:

w′ ∼ ` · du
dz
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which states that the turbulent velocity �uctiations are of the order of the horizontal velocity changes
between two levels separated by some length `. Recall that in properly developed turbulence, we
normally assume that u′ ∼ w′ because turbulence readily redistributes momentum between spatial
dimensions. In most boundary layer books, the mixing length scale is smaller than the physical
length scales by a constant called the von Karman constant, k ∼ 0.4. Though not very kosher in
an OOM sense to be using constants (especially when they're order unity!), we'll use it again at the
end to better predict boundary layer transport.

Velocity Pro�les

In the viscous sublayer, the velocity pro�le must be (using dimensional analysis):

u ∼ (u∗)2z
ν

i.e. velocity increases linearly with height through the viscous sublayer.

In the inertial sublayer, where the turbulence knows about the wall but isn't a�ected by viscosity,
we postulate that Prandtl mixing theory gives an eddy di�usivity of:

K ∼ z2du

dz

which states that the relevant mixing length for an eddy a distance z above the surface is z. This is
interpreted as the solid surface limiting the size of eddies to size z. Thus,

w′u′ ∼ u2
∗ ∼ K

du

dz
∼ z2

(
du

dz

)2

→ du

dz
∼ u∗

z
→ u ∼ u∗ln(

z

z0
)

This means that the velocity increases with the logarithm of height. This is exactly the velocity
pro�le shown in Figure 1, where the strongest gradient is near the surface.

Time Scales for Transport

Viscous sublayer:

τ ∼ η2

ν
∼ η

w′
∼ 10−5 s

Inertial sublayer: the thickness of the inertial sublayer, de�ned as the region with the strongest
velocity gradient, is rough ∼ 10% of L. Thus:

τ ∼ z2

κ
∼ z2

z2 · du
dz

∼ L/10
u
∼ 10 to 102 s

This is a bit small (putting the von Karman constant would increase these values by a factor of 5
or so) but the point being that it's much larger than the viscous sublayer.

Outer layer:
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τ ∼ L2

κ
∼ L2

L2 · du
dz

∼ L

(u/10)
∼ 103 s

where we've assumed that the velocity gradient in the outer layer re�ects only about 10% of the
velocity change over the whole boundary layer (most of it occurring in the inertial sublayer).

This demonstrates that turbulent mixing is more e�cient close to the surface, where velocity gradi-
ents are high, and becomes less e�cient with height.

Transport of Momentum, Heat...

One important goal of boundary layer theory is to determine the �ux of important quantities between
the surface and the free stream �uid. Recall:

w′a′ ∼ −Ka
da

dz
(1)

where the eddy di�usivity Ka is given by:

Ka ∼ w′ ` ∼ `2
du

dz
(2)

We use the outer layer transport for this equation since this is the rate-limiting portion of the vertical
transport. For the outer layer, we use the following approximations: da ∼ 4a = a∞−asurf ; dz ∼ L;
` ∼ kL w′ ∼ u′ ∼ 1/10u; where a∞ is the value of a in the free stream, and asurf is the value of
a at the surface. We have also used the ad-hoc estimate that du is 10% of the mean wind speed
u in the outer layer, and that the mixing length scale ` should factor in the von Karman constant.
Substituting,:

w′a′ ∼ 1
10
k2 u (a∞ − asurf ) ∼ 1

100
u (a∞ − asurf ) (3)

This result is in very good agreement with empirically-derived relations. Very smooth surfaces (e.g.
ocean, sea ice) have less turbulence than assumed here, and have transport rates about a factor of 3
lower. Very rough terrain (houses, clumps of trees) can have transport rates about a factor of 3 to
5 higher than this because of greater turbulence than assumed here. These estimates are better for
shear-driven turbulence; when buoyancy and hence convection becomes important, transport rates
can be much higher.

Examples: air mass formation; loss of seasonal ice cap on Mars; limit on CO2 transport to deep
ocean (assume a two-layer strati�ed ocean).
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