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Introduction
Geomorphology is not very susceptible to order-of-magnitude analysis. Most quantitative geo-

morphological relationships take the form of power laws (A ∝ Bn), which are empirically derived,
dimensionally messy, and usually tell us that the underlying physical processes are too complicated
for simple analysis. Nonetheless, there are some useful relationships that can be derived by consid-
ering the physics. Here we’ll focus on transport processes, over short (m-scale) and long (km-scale)
wavelengths.

Short-range transport
Short-range transport processes are exemplified by slope creep, the downslope motion of mate-

rial. This creep may occur due to freeze-thaw, rainsplash, gopher burrowing and so on. A reasonable
assumption is that the downslope flux (in m3 s−1/m) qs is proportional to the slope:

qs = −κ∂z
∂x

(1)

where κ is just the diffusivity and z is the elevation at that point. Thus, as with any other
diffusion processes, we can write down the rate of change of topography

∂z

∂t
= κ

∂2z

∂x2
(2)

Example A 1 m high fault scarp is barely visible 30 years after it formed. What is the effective
diffusivity of the soil?

An important consequence of the diffusive nature of slope creep is that hillslopes are convex-up.
Physically, this is because progressively steeper slopes are required to transport the accumulated
material that is travelling downslope. Mathematically, solutions to equation (2) will all be parabolic
(convex-up) as long as there is a source term (e.g. uplift).

Calculating the diffusivity from first principles depends on which mechanism is operating. For
instance, if we can treat the near-surface soil as a viscous fluid, then the diffusivity is given by

κ ∼ ρgl3

η
(3)

where η is the viscosity and l is the thickness of the creeping layer.
Long-range transport
Long-range transport of material is usually fluvial (rivers etc.). In contrast to hillslopes, river

profiles are concave-up. We will try and investigate why this should be.
Stress If the river were static, it would still exert a stress that depended on the slope: τ ∼ ρghs

where ρ is the water density, h is the river depth and s is the slope (dimensionless).
In terms of transporting material, the important quantity is how this stress compares with the

stress required to move a sediment grain, τs ∼ ∆ρgD. Here ∆ρ is the density contrast between
sediment and water and D is the characteristic grainsize (assumed uniform). The non-dimensional
Shields stress is just τ/τs and is a measure of the ability of a river to move sediment.
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In many real rivers, the Shields stress is roughly constant (≈ 0.05). Rivers apparently adjust
themselves until sediment is just at the margin of being transported. This is a key assumption.

Velocity The stress exerted by a turbulent flowing fluid τf ∼ ρu2 (see Week 1). If we assume
that this turbulent stress is comparable to the slope stress, then we derive the important result that

u2 ∼ ghs (4)

where the ∼ represents the (poorly-known) friction coefficient of the river bed. You can get
the same result by assuming that the potential energy gained by water flowing a given distance
is balanced by the work done against friction, as measured by the slope stress. A good ball-park
estimate of flow velocities is 1 m/s - you are unlikely to be off by more than an order of magnitude
in either direction.

Given the velocity, we can obtain the total discharge (in m3 s−1):

Q = whu ∝ h5/2(gs)1/2 (5)

where w is the channel width and the second relationship has been obtained by using equation (4)
and the assumption that w/h is constant.

For many rivers the quantity ρghs is constant (see above). Substituting into equation (4) we
find that the velocity is also constant; further substitution into equation (5) gives

Q ∝ s−2 , h ∝ Q1/2 (6)

It is reasonable to assume (and can be shown empirically) that the total discharge is proportional
to the drainage area to some power. Since the drainage area increases downstream, Q ∝ xa where
x is the downstream distance and a is an empirical parameter.

Equation (6) therefore tells us that s decreases with increasing x (s ∼ x−a/2), and that river
profiles are thus concave-up. Empirical power law relationships between h and Q and u and Q have
power law exponents of roughly 0.4 and 0.1, respectively, not very different from our predictions
(0.5 and 0, respectively).

Stream power The potential energy per unit area that a river loses is given by

F = Qρgs/w = uhρgs (7)

and is referred to as the stream power. Stream power is important because it can be used in one
model of how downcutting occurs, and thus the rate at which stream profiles change.

We will assume that it takes a certain amount of energy per unit area to erode vertically 1 m of
rock. Call this quantity We. Then from our definition of stream power we have

dz

dt
= −uhρg

We

dz

dx
(8)

This is not a very nice equation to solve, but if you make the (not at all realistic) assumption
that u and h are constant, then you can use separation of variables to obtain the following answer:

z = z0 exp
(
x

L

)
exp

(
−thuρg
LWe

)
(9)
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So we have an (exponential) concave-up profile, which changes at an exponentially-decaying
rate with time. The characteristic time constant for change to occur is given by LWe/ρuhg. This
makes sense: longer lengthscales or more resistant rock (larger We) imply longer timescales; larger
discharges or higher gravity imply more rapid downcutting.

In reality, the erosional capability of a stream depends on the kinetic energy of the particles
it transports, not the power of the water itself. But the two are probably roughly proportional.
Experimentally, We is very large (∼1015 J m−3, or about 109 times larger than the energy of
vapourization), reflecting the relatively inefficient erosional capability of rivers.

Intermediate-distance processes
Over small lengthscales, diffusive downslope transport dominates. Over long distances, fluvial

sediment transport dominates. Presumably there is some intermediate lengthscale L at which the
two processes contribute equally. This lengthscale is given by a Peclet number argument, where the
velocity v is the rate at which downcutting occurs:

L ∼ κ

v
∼ κWe

uhgρs
(10)

where κ is the diffusivity. This lengthscale controls, for instance, typical spacing between stream
valleys, and is of order 1 km, implying an effective diffusivity of 10−9 m2 s−1, which is about right.

Problem Set questions
Gopher diffusivity (1 mound per m2 per year).
Age of the Grand Canyon.
Upstream diffusion of a knick point
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