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Figure 7. (a) Horizontally averaged Reynolds stress (HARS) versus radius for models with multiple waves forced, compared with models with only a single
(prograde and retrograde) wave forced (M15). (b) Ratio of Reynolds stress at a randomly picked azimuth to the HARS. The linetype is the same as in (a). As
multiple waves are forced, the ratio strays increasingly from one.

the approximation employed in the quasi-linear approach could be
valid. However, as the number of waves is increasedu�w� becomes
signiÞcantly larger than�u�w�� . In these cases, in order to neglect
the sum of these two quantities (u�w�)r must be small in comparison
to ∂u�/ ∂t . Stated another way, the Froude number for the wave
(w �/ Nz) (Andrews & McIntyre 1976), wherez is the vertical scale
associated with a wave and the other quantities have their typical
meanings, must be small. Using velocity and vertical wavelength
scales typical in Fig. 7(b) and a BruntÐVaisala frequency of 10Š4,
one can estimate the Froude number to be approximately 0.1 indicat-
ing that non-linear waveÐwave interactions are not negligible. The
Froude number is, however, just an estimate of the relative impor-
tance of the inertial term and the divergence of the Reynolds stress.
In these simulations, we can directly measure this ratio, which we
show in the following sections.

4.2.1 Effect of amplitude

Non-linear waveÐwave interactions are not only important for large
amplitude waves . Models MC1ÐMC3 have been run with ampli-
tudes and diffusivities, each reduced by a factor of 100. To com-
pensate for the lower diffusivities, we increased the numerical res-
olution by a factor of 2 in the horizontal direction and by a fac-
tor of 3.75 in the radial direction. As for the models described
above, when multiple waves are driven no oscillation develops in the
40 yr simulated. This is not entirely surprising, the low amplitude
and diffusivities imply signiÞcantly longer oscillation periods (see
Section 4.1.1). We cannot realistically run simulations long enough

to rule out oscillatory behaviour. However, as in models MW2 and
MW3, the non-linear waveÐwave interactions are non-negligible.
Fig. 8a shows the radial gradient of the HARS (dashed lines) and
the radial gradient of the Reynolds stress (solid lines) for models
MC2 and MC3. Fig. 8(b) shows the radial velocity perturbation,w�,
as a function of time at a radius equivalent to 0.69 R� for the same
models. There are two main features to note. First, the amplitude of
the HARS is two orders of magnitude lower than the Reynolds stress
(Fig. 8a). This just represents the fact that it is more difÞcult for low-
amplitude waves to force a mean ßow, given the same integration
time. Therefore, in order to neglect the non-linear term, (u�w�)r , one
needs to show that this term is small compared to the inertial term,
∂w�/ ∂t. Upon the inspection of Fig. 8(b), one can easily estimate
the amplitude of the inertial term as approximately 10Š2Ð10Š3 de-
pending on the model. The Reynolds stress at this radius is also
approximately 10Š3; at best, the Reynolds stress is 10 per cent of
the inertial term, hardly negligible. The amplitudes of these waves,
depending on the wavenumber, varies between 50 and 150 cm sŠ1.
These amplitudes combined with those modelled in MW1ÐMW3
represent any reasonable estimates for the wave amplitudes in the
solar tachocline and radiative interior.

4.2.2 Effect of spectra

The models listed above force waves with constant streamfunction,
� , which makes the radial velocities proportional tom. This gives a
wave energy ÔßuxÕ per mode proportional tom3. We ran Þve models
in addition to models MC1ÐMC3 to investigate the dependence of
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