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avefield and AVO modeling using elastic thin-slab method
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ABSTRACT

We propose a dual-domain, one-way, elastic thin-slab
method for fast and accurate amplitude variation with offset
�AVO� modeling. In this method, the wavefield propagates in
the wavenumber domain and interacts with heterogeneity in
the space domain. The approach requires much less memory
and is two to three orders of magnitude faster than a full-wave
method using finite difference or finite element. The thin-bed
AVO and AVOs with lateral parameter variations have been
conducted using the thin-slab method and compared with re-
flectivity and finite-difference methods, respectively. It is
shown that the thin-slab method can be used to accurately
model reflections for most sedimentary rocks that have inter-
mediate parameter perturbations ��20% for P-wave velocity
and �40% for S-wave velocity�. The combined effects of
overburden structure and the scattering associated with heter-
ogeneities onAVO have been investigated using the thin-slab
method. Properties of the target zone and overburden struc-
ture control the AVO trends at overall offsets. Scattering as-
sociated with heterogeneities increases local variance in the
reflected amplitudes and becomes significant for the sedi-
mentary models with weak reflections. Interpretation ofAVO
observations based on homogeneous elastic models would
therefore bias the estimated properties of the target. Further-
more, these effects can produce different apparent AVO
trends in different offset ranges.

INTRODUCTION

Amplitude variation with offset �AVO� analysis plays an impor-
ant role in modern seismic data interpretation. The ultimate goal of
VO analysis is to extract in-situ elastic parameters and fluid con-

ents from the seismic reflectivity of the target intervals. However,
he observed reflection responses of a seismic target are significantly
ffected by many other factors, such as data collection, data process-
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ng, and wave-propagation effects. Before analyzing the AVO re-
ponses, these effects should be studied and compensated.

Forward modeling can be useful in understanding wave-propa-
ation effects on AVOs. In addition, forward modeling can also be
seful in interpreting complicated AVO measurements, providing
ppropriate model parameters for seismic data processing, and de-
eloping algorithms of frequency-dependent AVO inversion and
mplitude-preserving prestack migration �Dey-Sarkar and Svatek,
993�. Many forward-modeling algorithms are available that vary in
ccuracy and computational requirements.

The reflectivity method is one of the most common methods used
or modeling AVO responses in layered media �Simmons and Back-
s, 1994; Wapenaar et al., 1999.� It can generate an exact AVO re-
ponse in an arbitrarily layered medium. It cannot, however, be used
or modeling the effects of lateral structure variations on AVO re-
ponses. Ray methods based on various approximations of the Zoep-
ritz equations are also very common for AVO analysis �Widess,
973; Simmons and Backus, 1994; Bakke and Ursin, 1998.� Howev-
r, in the presence of thin layers, primaries-only Zoeppritz modeling
an produce incorrect results.Another intrinsic limit of the ray meth-
ds is that the methods cannot deal with frequency-dependent scat-
ering associated with heterogeneities.Anumber of authors have ap-
lied pseudospectral and finite-difference methods to more sophisti-
ated geologic models, including anelasticity, overburden structure,
cattering attenuation, and anisotropy, for the purpose of investigat-
ng the effects of these factors on AVO �Chang and McMechan,
996; Adriansyah and McMechan, 1998; Youn et al., 1998.� In prin-
iple, these methods can deal with arbitrarily complicated geologic
odels. However, they are very time consuming and memory de-
anding. They have particular difficulty in handling thin layers
here fine grids must be used.
Ideal simulation methods for AVO modeling should be flexible in

rder to handle the various effects mentioned above and should have
he advantages of fast computation speed and low memory demand
o allow for implementation of a great amount of computation for ad-
usting model parameters. Thus, developing new, efficient AVO-

odeling algorithms for complex structures is highly desirable.
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C58 Wu and Wu
Dual-domain, elastic, one-way propagators implement wave pro-
agation in heterogeneous media in mixed domains �space-wave-
umber domains� �Wu, 1994, 1996; Wild and Hudson, 1998�. One-
ay propagators neglect wave reverberations between heterogene-

ties, but they correctly handle forward multiple scattering, includ-
ng focusing/defocusing, diffraction, refraction, interference, and
onversions �for elastic cases�. Under the De Wolf approximation,
ne-way propagators can be used to model reflections. It is also
ermed the one-return approximation. The great advantages of these

ethods are the fast computation speed, often faster by two to three
rders of magnitude than the full-wave finite-difference and finite-
lement methods, and the huge saving in memory. These methods
ave been applied successfully in seismic data migration for com-
lex subsurface structures �Wu and Jin, 1997; Jin et al., 1999; Huang
t al., 1999a, b�, in seismic-reflection modeling �Wu, 1996; Wu and
uang, 1995�, and in modeling long-range, crustal-wave propaga-

ion in heterogeneous waveguides to study the propagation and scat-
ering of regional phases such as Lg-waves �SH-wave screen propa-
ators� �Wu et al., 2000a, b; Wu and Wu, 2001�. One-way elastic
ropagators are derived by Wu �1994, 1996�. Wild and Hudson
1998� rederive the formulation using a geometrical reflection/trans-
ission approach. The propagators are applied to model reflections

y Xie and Wu �2001� and Wu and Wu �1999�. More recently, this
ethod has been applied to elastic prestack depth migration by Xie

nd Wu �2005�.
In this paper, we apply the dual-domain, one-way, elastic thin-slab
ethod to AVO modeling in sedimentary rocks. Several numerical

xperiments, including reflection-coefficient calculations, reflection
ynthetics with lateral parameter variations, and thin-bedAVO, were
onducted and compared with reflectivity and finite-difference
ethods, respectively. The accuracy and wide-angle capacity of the

hin-slab method have been demonstrated. Results that show the ef-
ects of lateral structure variations and heterogeneities on AVO in
edimentary rocks are obtained and analyzed.

ELASTIC THIN-SLAB PROPAGATORS

Wu �1994, 1996� derives the elastic thin-slab propagators for cal-
ulating forward- and backward-scattered fields by a heterogeneous
hin slab using the elastic-wave Rayleigh integrals and Born scatter-

igure 1. Illustration of a thin slab.
ng theory. In Wu �1994�, the thin-slab propagators are formulated in
wavenumber domain. The interaction between the incident wave-
eld and the heterogeneities is in the form of matrix multiplication,
hich is rather computationally intensive. In Wu �1996�, the thin-

lab propagators are reformulated into a form of dual-domain imple-
entation and extended to the calculation to include the backscat-

ered waves using the De Wolf approximation. This dual-domain
orm of the thin-slab propagators is similar to the complex screen
ropagators in implementation, i.e., with propagation in the wave-
umber domain using a constant background velocity, but interac-
ion with the medium in space domain. The algorithm shuttles be-
ween the two domains using fast Fourier transform �FFT�. Wu and

u �1999� develop a fast implementation of the thin-slab propaga-
ors and test its validity and accuracy. In this paper, we adopt the for-

ulations used in Wu and Wu �1999�. A phase-matching procedure
roposed by Wu and Wu �1999� is also included.

First, we divide the whole heterogeneous medium into a pile of
hin slabs perpendicular to the main propagation direction or z-
irection. Assume z� and z1 as the slab entrance �top� and exit �bot-
om�, respectively �see Figure 1�. The elastic parameters and the to-
al wavefield are decomposed into ��x� = �0 + ���x�, c�x� = c0

�c�x�, and u�x� = u0�x� + U�x�, where �0 and c0 are density and
lastic parameters for the background medium, ���x� and �c�x� are
he corresponding perturbations, u0�x� and U�x� are the incident
eld and the scattered field, respectively, and x represents a 3D spa-

ial vector. In this study, c�x� is limited to be isotropic and heteroge-
eous. For the completeness of the method, we present a brief deri-
ation of the scattered field by the heterogeneity within a slab in
ppendixA.
The scattered fields uPP, uPS, uSP, and uSS obtained in Appendix A

re not efficient for numerical calculation because the integral with
espect to z cannot be implemented with FFT. Furthermore, we as-
ume that each heterogeneous thin slab is thin enough so that veloci-
y and density can be approximated as constants in the propagation
irection, and the scattered fields can be simplified into

UP�KT,z*� =
ik�

2

2��

ei���z/2�zk̂��k̂� · � � d2xTe−iKT · xT

�
���xT,z��

�
��PPu�

f �xT� + �SPu	
f �xT��

− � � d2xTe−iKT · xT
�
�xT,z��

 + 2�

1

ik�

� � · ��PPu�
f �xT�� − �k̂�k̂��:

�� � d2xTe−iKT · xT
2���xT,z��


 + 2�

1

ik�

� ��PP��
f �xT� + �SP�	

f �xT��� , �1�
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US�KT,z*� =
ik	

2

2�	

ei�	�z/2�z�I − k̂	k̂	� · �� � d2xT

� e−iKT · xT
���xT,z��

�
��PSu�

f �xT� + �SSu	
f �xT��

− k̂	 · � � d2xT e−iKT · xT2
���xT,z��

�

1

ik	

� ��PS��
f �xT� + �SS�	

f �xT��� . �2�

n equations 1 and 2, I is the unit dyadic. Its diagonal elements are
qual to 1, and other elements are equal to zero. The displacement,
�
f �x�, u	

f �x�, � · u�
f �x� �divergence�, and ��

f �x� and �	
f �x� �strain�

an be calculated by

u�
f �x� =

1

2

� � d2KT�eiKT� · xTu�

0�KT��ei����z/2, �3�

u	
f �x� =

1

2

� � d2KT�eiKT� · xTu	

0�KT��ei�	��z/2, �4�

� · u�
f �x� =

ik�

2

� � d2KT�eiKT� · xTk̂�� · u�

0�KT��ei����z/2,

�5�

��
f �x� =

ik�

2

� � d2KT�eiKT� · xTk̂��u�

0�KT��ei����z/2, �6�

�	
f �x� =

ik	

2

� � d2KT�eiKT� · xT

1

2
�k̂	�u	

0�KT��

+ u	
0�KT��k̂	��ei�	��z/2, �7�

here xT is the horizontal position in the receiver plane at z* �z�
z* � z1�. �� and �	 are the vertical components of wavenumbers

f scattered P- and S-waves, and ��� and �	� are the vertical compo-
ents of wavenumbers of incident P- and S-waves. The values k�

�/�0 and k	 = �/	0 are P and S wavenumbers, respectively, and
0 and 	0 are P- and S-wave velocities in the background medium.
erms 
 and � are the Lamé constants, and �
 and �� are the corre-
ponding perturbations. Terms k̂�, k̂	, k̂�, and k̂	 are unit wavenum-
er vectors: k̂� = �KT,���/k�, k̂	 = �KT,�	�/k	, k̂�� = �KT�,����/k�, k̂	�
�KT�,�	��/k	. u�

0�KT�� and u	
0�KT�� are the incident P- and S-wave

isplacements at the entrance z = z�, respectively. A · denotes dot
roduct between vectors, and : denotes double dot product between
ensors. Values ��d2xT and ��d2KT� denote dual integrals over spa-
ial and wavenumber domains. The Fourier transform can be imple-

ented with the FFT technique; �z = z1 − z� is the thin-slab thick-
ess. The factors �PP, �SP = �PS, and �SS are

�PP = � 1 for forescattering

sinc�k��z� for backscattering
�

�PS = �sinc��k� − k	��z/2� for forescattering

sinc��k + k ��z/2� for backscattering
�

� 	
�SS = � 1 for forescattering

sinc�k	�z� for backscattering
�

here sinc�x� = sin�x�/x. Equations 1 and 2 describe the complex
nteractions between incident field and heterogeneities. The spatial
cattering patterns associated with different types of perturbations
�
, ��, and ��� for P- and S-waves are investigated in Wu and Aki
1985�. For forward propagation, equations 1 and 2 can handle all
orward multiple scattering, including focusing/defocusing, diffrac-
ion, interference, and conversions. For backward propagation, it
an handle primary reflections of common-type waves and convert-
d waves.

The thin-slab method is a marching algorithm. The whole medi-
m is sliced into appropriate thin slabs perpendicular to the main
ropagation direction. A weak scattering condition holds for each
hin slab, and the parameters can be considered invariable within
ach thin slab in the main propagation direction. Suppose all inci-
ent fields at the entrance of each thin slab are given in wavenumber
omain. The implementation procedures may be summarized as fol-
ows:

Free-propagate in wavenumber domain and calculate the prima-
ry fields, the divergence of incident P-wave, and the strains.
Inverse FFT the primary fields, divergence, and strains into space
domain, and then calculate the distorted fields by heterogeneities.
Calculate the forescattered fields at the thin-slab exit and back-
scattered fields at the thin-slab entrance, and add the forescat-
tered fields to the primary fields to form the total fields being used
as incident fields for the next thin slab.
Continue these three procedures iteratively until the last thin slab,
and generate total transmitted fields.
Repeat the first three procedures from the last thin slab to the first
one and sum up all backscattered fields generated by each thin
slab to get the total reflected fields.

In the thin-slab solution, the effect of free surface is not involved.
n other words, the background medium is assumed to be infinite in
ll directions. The medium where source is located is usually taken
s the background medium to avoid strong wave-slab interaction at
he near-source region.ARicker wavelet centered at 30 Hz is used in
ynthesizing seismograms. Only vertical displacement seismo-
rams are shown in all examples, unless noted otherwise.

RESERVOIR PROPERTIES

Table 1 shows the rock properties used in this paper, which are
aken from Simmons and Backus �1994� �originally from Gregory,
977�. The reservoir contains brine, oil, and gas. The behavior of the
hale/gas, shale/oil, shale/brine, and fluid-contact reflections as
unctions of incident angle and porosity are of interest. Garcia and
ackus �1985� also examine the AVO responses of these models.
immons and Backus �1994� investigate the effects of locally con-
erted shear waves onAVO responses of the same models. The reser-
oirs correspond to the sedimentary rocks, which are of low velocity
nd density perturbations but have large changes in Poisson’s ratio
rom one medium to another �Table 1�. In all our examples, the shale
s taken as the background medium. Gas, oil, and brine sands are tak-
n to have different velocity and density perturbations relative to the
hale �Table 2�. Two-dimensional random perturbations are intro-
uced to the models for analyzing the effect of scattering by random
eterogeneities in overburden onAVO.
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C60 Wu and Wu
NUMERICAL EXAMPLES AND DISCUSSION

eflection coefficients

Reflection coefficients vary as a function of offset because of elas-
ic parameter changes across an interface. This information is the
ore of AVO analysis. For either forward modeling or inversion, ac-
urate prediction and estimate of reflection coefficients are crucial.

The accuracy and wide-angle capacity of the thin-slab method are
ested in Wu and Wu �1999�. For the general purpose of the test, the
aper focuses only on relatively weak changes in P- and S-wave ve-
ocities and density across the reflecting interface ��20%� and con-
idered only Poisson’s formation �� = 0.25�. However, sedimentary
eservoirs bearing gas, oil, or brine presented above have large
hanges, up to 42.3% in velocity and up to 70% in Poisson’s ratio.

In this section, we calculate the reflection coefficients at the shale/
as, shale/oil, and shale/brine interfaces, respectively, with parame-
ers given in Table 1 using the thin-slab method and show the ability
f the method to handle these models. For the calculation using
quations 1 and 2, a model space is defined on a 1024 � 200 rectan-
ular grid. The grid spacings used are 16 m in the horizontal direc-
ion and 4 m in the vertical direction. The interface is located at
00 m depth. A taper function is applied to the bottom of the model
o eliminate the reflection from the bottom. Only P-P reflection coef-
cients are displayed. For reflection-coefficient calculation, we take
00 samples �displacement amplitudes in space domain� in the mid-
le of the model for incident waves and reflected waves, respective-
y, to avoid the edge effects, and define the ratio of the averaged dis-
lacement amplitudes of the reflected wave to the incident wave as
eflection coefficient. Figure 2 shows the P-P reflection coefficients
or all sets of parameters given in Table 1. The dotted curves repre-
ent the corresponding theoretical results, � is percentage porosity,
nd �1 and �2 are the Poisson’s ratios for the shale and sand, respec-
ively. Figure 2a corresponds to the shale/gas interface, Figure 2b

able 1. Reservoir model.

� = 20%

�
m/s

	
m/s

�
g/cm3 �

�
m/s

hale 3170 1668 2.36 0.31 3170

as 3560 2374 2.10 0.10 3350

il 3734 2280 2.27 0.20 3527

rine 3749 2262 2.31 0.21 3551

able 2. Perturbations of reservoir parameters.

� = 20%

��
�
%

�	
	
%

��
�
% �

��
�
%

as 12.3 42.3 −11.0 0.10 5.7

il 17.8 36.7 −3.80 0.20 11.3

rine 18.3 35.6 −2.10 0.21 12.0
orresponds to the shale/oil interface, and Figure 2c corresponds to
hale/brine interface. We see that the reflection coefficients calculat-
d by the thin-slab method are in good agreement with theoretical
alues for small and medium angles of incidence ��30°� for all cas-
s, and up to wide angle of incidence ��40°� for the 20% porosity
as, oil, and brine sands.

Although the 20% porosity sand has relatively large velocity per-
urbations, the thin-slab results show better matches to theoretical
eflection coefficients in wide angles of incidence than those for 23%
orosity and 25% porosity sands in wide angles. This is because for
eflections, accuracy is controlled by impedance perturbations,
hich are small in these cases.
The computational efficiency, accuracy, and wide-angle capacity

f the thin-slab method are closely related to the amount of perturba-
ions. Generally, the accuracy and wide-angle capacity decrease as
erturbations �velocity and/or density� increase. Its computational
fficiency also decreases because finer forward steps must be uti-
ized for convergence. To see the overall perturbations of reservoir
arameters shown in Table 1, we calculate velocity and density fluc-
uations relative to the shale �shown in Table 2�. For all models,
-wave velocity has relatively large contrasts compared with P-
ave velocity and density. For example, the averaged S-wave veloc-

ty perturbations are 38.2% for 20% porosity sand, 29.3% for 23%
orosity sand, and 22.6% for 25% porosity sand, while the averaged
-wave velocity perturbations are 16% for 20% porosity sand, 9.7%
or 23% porosity sand, and 4.6% for 25% porosity sand. As to pa-
ameter perturbations, Table 2 covers most sedimentary rocks.

eflections from a dipping sandstone reservoir

Figure 3 shows a model of a dipping sandstone reservoir bearing
as, oil, and brine. The dipping angle of the reservoir is 10° to the
orizontal plane. The reservoir is thick enough so that the reflections

= 23% � = 25%

�
g/cm3 �

�
m/s

	
m/s

�
g/cm3 �

2.36 0.31 3170 1668 2.36 0.31

2.02 0.10 3188 2124 1.96 0.10

2.22 0.21 3362 2015 2.18 0.22

2.27 0.23 3399 1993 2.23 0.24

= 23% � = 25%

��
�
% �

��
�
%

�	
	
%

��
�
% �

−14.4 0.10 0.6 27.0 −17.0 0.10

−5.9 0.21 6.1 20.8 −7.6 0.22

−3.8 0.23 7.2 19.5 −5.5 0.24
�

	
m/s

1668

2231

2131

2109
�

�	
	
%

33.7

27.8

26.4
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Thin-slab method andAVO modeling C61
rom the top and base are separated in seismograms. Simmons and
ackus �1994� use these models to investigate AVO responses asso-
iated with angles of incidence, different interfaces, and porosities
f interest. In this section, we will use these models to show the accu-
acy of the thin-slab method for modeling reflections, including pri-
ary reflections, conversions, and diffractions.
Figure 4 displays the synthetic seismograms with incident plane

aves for three different porosities �labeled left of each panel�. The
lane P-wave source is vertically downward incident to the model.
he time function of the source used is the Ricker wavelet. Assume

hat the same source will be used for subsequent examples unless
therwise specified. Figure 4a shows the finite-difference results and
igure 4b shows the thin-slab results. The last two arrivals are the
onverted shear waves produced at the top and base of the reservoir
nd propagated in the shale. Single-leg and double-leg converted
hear waves are weak at small angle of incidence �relative to inter-
ace� and overlap with the primary reflections from the base. Note
hat in the thin-slab results �Figure 4b�, the multiples within the sand-
tone are neglected. Comparing the two columns, we see that the
hin-slab results are in good agreement with the finite-difference re-
ults, implying that the multiples are not important in these kinds of
edimentary rocks.

igure 2. P-P reflection coefficients at different types of interfaces:
a� shale/gas, �b� shale/oil, and �c� shale/brine. All formation param-
ters are listed in Table 1. The solid curves are calculated by the thin-
lab method, and the dotted ones are calculated by the Zoeppritz
quations.
The diffractions in Figure 4, because of the irregularities of the
odel, strongly interfere with the primary reflections from the top

nd base interfaces, so that they cannot be distinguished. Figure 5
isplays similar results to Figure 4, but the top and base interfaces of
he reservoir are horizontal, and the gas/oil and oil/brine interfaces
re rotated to vertical lines. Although this geometry model may not
e realistic, it does not affect the conclusion of our investigation. In
his case, the diffractions are well produced and can be seen in the
eismograms calculated by both finite-difference and thin-slab
ethods. For 20% porosity gas sand, the impedance contrast at

igure 3. Model of a dipping sandstone reservoir filled with gas, oil,
nd brine. The reservoir is thick enough so that the reflections from
he top and base are resolved.

igure 4. Comparisons of synthetic seismograms with plane-wave
ncidence calculated by finite-difference �a� and thin-slab methods
b� methods for a dipping reservoir model �Figure 3�. The vertical
xis is time, and the horizontal axis is distance.
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C62 Wu and Wu
hale/gas interface equals zero. That means that there are no reflec-
ions generated from the local interface for vertical incidence. The
rrivals recorded by the receivers just above the shale/gas interface
re the diffractions produced by the two intersectional points sur-
ounded by shale, gas, and oil sands. We can see similar results for
he 25% porosity sand.

lane-wave reflections with random scattering

All seismic data, to varying degrees, contain the effects of scatter-
ng by the overburden heterogeneities. When variations in velocity,
ensity, and intrinsic Q are correlated spatially in the overburden, the
otal amount of scattered energy increases, while local wave ampli-
udes may increase or decrease because of focusing/defocusing.

any seismic data sets showed these effects �see Yilmaz, 1987,
0–40�. Kang and McMechan �1994� investigate the interaction of
ntrinsic attenuation and apparent attenuation associated with scat-
ering. Chang and McMechan �1996� investigate the multiparameter
eismic scattering by Q heterogeneities. Adriansyah and McMechan
1998� study the combined effects of near-surface geometry, intrin-
ic attenuation, and scattering onAVO.

In this section, we examine the effects of scattering associated
ith heterogeneities in sedimentary rocks on AVO using the thin-

lab method. The reservoir model is similar to the one used in Figure
, but a 2D random field with exponential correlation functions is
sed to perturb the velocity and density parameters of the sedimenta-
y rocks. The correlation lengths are 100 m in horizontal direction
nd 40 m in depth. The root mean square �rms� values used are 1%,
%, and 3%. Note that both P- and S-wave velocities have the same

igure 5. Comparisons of synthetic seismograms with plane-wave
ncidence calculated by �a� finite-difference and �b� thin-slab meth-
ds for a flat reservoir model filled with gas, oil, and brine.
istributions and rms perturbations, and density has the same distri-
ution but only one half of the rms perturbation as for velocity. For
implicity, we only consider a plane P-wave source vertically inci-
ent on the top interface of the reservoir. Figure 6 shows the model
nd the snapshots at t = 0.2 s, 0.4 s, and 0.6 s, respectively. The po-
osity of the sand is 25% and rms is 2%. In Figure 6, we see that abun-
ant coda waves are produced. The wavefronts of either forward-
ropagated or reflected waves are no longer uniform; especially for
he reflections from shale/oil and shale/brine interfaces, the wave-
ronts are seriously distorted. Then, we take the maximum magni-
udes of the responses from the top interface of the sand and display
he results in Figure 7. The vertical axis is plotted in the logarithm of
bsolute amplitudes to better display the weak reflections. Figure
a–c correspond to three different porosities of 20%, 23%, and 25%,
espectively. Solid lines correspond to the cases without heterogene-
ty in the overburden, and the local fluctuations in reflected ampli-
udes are caused by the interference of the boundary diffractions.
he dotted, dashed, and dotted-dashed ones correspond to the cases

igure 6. �a� Sandstone model with heterogeneities, �b� Snapshots at
= 0.2 s, 0.4 s, and 0.6 s, respectively. A 30-Hz plane P-wave
ource is vertically incident from the top of the model.
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ith the rms values of 1%, 2%, and 3%, respectively. The arrows
oint out the positions of vertical interfaces separating gas and oil, or
il and brine.

It is clear that when the overlying shale is heterogeneous, even as
eak as rms = 1%, the piece-wise, uniform, reflected amplitudes
ecome fluctuating by the local focusing and defocusing.As the val-
e of rms increases, higher fluctuations will be produced. The fluctu-
tions are closely related to the spatial correlation of heterogeneities.
or an overburden with white-noise random heterogeneities, the lo-
al focusing or defocusing will not happen. We also see that the scat-
ering associated with heterogeneities has stronger effects on the re-
ections from weak-reflection interfaces �shale/gas at a 20% porosi-

y sand and shale/brine at a 25% porosity sand� than from strong-re-
ection interfaces �shale/brine at 20% porosity sand and shale/gas at
5% porosity sand�.

We calculated the local reflection coefficients at the top interface
fter introducing heterogeneities to the overburden shale. These het-
rogeneities can affect the reflected amplitudes. This implies that the
resence of heterogeneities has two effects: wave scattering and
hange in the reflection characteristics of local interfaces. For weak-
eflection sands, the scattering effects from heterogeneous overbur-
en could be important and must be taken into account for AVO
nalysis.

hin-layer AVO response

The amplitude response of a thin bed has drawn increasing inter-
st in hydrocarbon interpretation because large quantities of gas re-
erves were found to be trapped within thin sands. The AVO re-
ponse of a thin bed is different from that of a thick bed because of
he effects of wave interference, conversion, and tuning. Many au-
hors discussed the amplitude responses of thin beds using ray-based

ethods �Widess, 1973; Simmons and Backus, 1994; Chung and
awton, 1995; Bakke and Ursin, 1998�.
Widess �1973� considers a homogeneous thin layer embedded in

n infinite homogeneous medium. He shows that for a thin bed,
hose thickness is less than one-eighth of the dominant wavelength,

he reflected wavelet would be equivalent to the derivative of the in-
ut wavelet. The maximum amplitude of the reflection is approxi-
ately given by

Ad =
4
Amrb


d
, �8�

here Am is the mean of the maximum peak and trough amplitudes of
he source wavelet, r is the reflection coefficient of the top interface
orresponding to a thick layer, b is the thin-bed thickness, and 
d is
he predominant wavelength in the bed. Chung and Lawton �1995�
xtend Widess’ work to the more general case of unequal reflection
oefficients at the top and base of the bed. Simmons and Backus
1994� studied the amplitude responses of an elastic thin bed where a
ocally converted wave was involved. They demonstrate that the in-
erference between the converted waves and the primary reflections
rom the base of the layers becomes increasingly important as layer
hicknesses decrease, often producing a seismogram that is very dif-
erent from one produced under the primaries-only Zoeppritz as-
umption.

For a thin bed whose thickness is much less than the correspond-
ng predominant wavelength, the grid methods such as finite differ-
nce and finite element are not realistic for modeling reflections in an
VO geometry. In this section, we investigate the ability of the thin-
lab method in handling elastic thin-bed reflections. The thin bed
sed is a 5-m-thick sand filled with oil and at a depth of 1500 m. The
orresponding predominant wavelength is 125 m, being 25 times
reater than the thickness of the thin bed. The surrounding medium
s shale. Source and receivers are on the top of the model. For the cal-
ulation using the thin-slab method, the spacing grid in the horizon-
al direction is 10 m and that in the vertical direction is 10 m for the
ackground area, and 0.5 m for the thin bed. Figure 8 displays re-
ection seismograms calculated by reflectivity method �a� and thin-
lab method �b�. The time function of the source used is the deriva-
ive of the Ricker wavelet. Seismograms were given normal moveo-
t �NMO� corrections to the top of the sand. In Figure 8, A represents
eflections from the top of the model �thick layer�; B represents re-
ections from both the top and base, but with no converted waves in-
olved; C represents all waves involved �exact solution�; and D rep-
esents reflections from both the top and base, involving single-leg
the wave propagates in the reservoir layer as a converted wave once
nly� and double-leg converted shear waves. Comparing A and B,
e see the big difference betweenAVOs of a single impedance inter-

ace and two closely located impedance interfaces. B is equivalent to
rimary-only reflections. Comparing B and C/D, we see the impor-
ant effect of locally converted shear waves on AVO responses,
hich can alter amplitude variation with offset. Comparing C and D,
e see that only a small difference exists between them in large off-

ets. The effect of the multiples is again shown to be negligible.

igure 7. Effects of scattering by heterogeneities on reflected ampli-
udes.
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C64 Wu and Wu
For a homogeneous thin slab under small-angle approximation,
quation 1 for one-return reflection can be simplified to �Wu, 1996;
ie and Wu, 2001�

�9�

here Z� is the impedance of the P-wave. We see that equation 8 is
he special case of equation 9, where plane waves are vertically inci-
ent on the thin layer. Equation 9 presents not only the amplitude of
he thin-bed reflection, but also the change in the wavelet. Therefore,
he thin-slab propagators, i.e., equations 1 and 2, represent the re-
ponse of an elastic, heterogeneous thin slab. Since the choice of ∆z
r step interval in wavefield extrapolation is flexible and can vary ac-
ording to local heterogeneities in wave-propagation direction, the
hin-slab method can handle arbitrarily thin layers.

VO in laterally varying media

Lateral changes in the overburden properties have demonstrated
ignificant effects on AVO and may cause misinterpretation, espe-
ially if the recording aperture is small. Adriansyah and McMechan
1998� use the pseudospectral method to investigate the combined
ffects of near-surface structure, attenuation, and scattering onAVO.
oun et al. �1998� investigate the effects of the overlying salt body
n AVO using the finite-difference method. These methods are very
ime-consuming and memory-demanding.

In this section, we use a simple model containing both a truncated

igure 8. Reflection seismograms for an oil sand model. The oil sand
s 5 m thick and at depth of 1500 m shown are �a� the reflectivity

ethod and �b� the thin-slab method. In �a� and �b�, A represents re-
ections from the top of the model �thick layer�; B represents reflec-

ions from both the top and base, but with no converted waves in-
olved; C represents all waves involved �exact solution�; and D rep-
esents reflections from both the top and base, involving single-leg
nd double-leg converted shear waves.
alt layer and a thin gas sand that is 200 m below the salt layer �Fig-
re 9a� to examine the AVO response using the thin-slab method.
he parameters for gas sand are given in Table 1, and the correspond-

ng porosity is 20%. The parameters for salt are � = 4.48 km/s, 	
2.594 km/s, and � = 2.1 g/cm3. Thicknesses of the salt layer used

re 20 m, 40 m, and 80 m, respectively. The spacing grids used are
he same used in Figure 8 except for the spacing grid of the salt body
n the vertical direction, where it is 0.1 m. The maximum negative
mplitudes of the thin-bed responses are picked and are plotted ver-
us offset �Figure 9b�. The solid curve represents the case of a thin-
ed AVO without salt. The AVO trend of a thin bed is different from
he reflection-coefficient variation versus incident angle shown in
igure 2 �shale/gas, � = 20�, where the reflection coefficient in-
reases as incident angles up to 45° �the offset of 3 km�. The dotted,
ashed, and dotted-dashed curves correspond to different salt-layer
hicknesses of 20 m, 40 m, and 80 m, respectively. We see that
VOs are altered by the presence of the salt layer. The salt layer pro-
uces the effects of diffraction, defocusing, conversion, and trans-
ission loss. The diffraction affects AVO by causing interference

etween diffracted waves from the left side of the salt layer and re-
ected waves from the thin bed at receiver locations. It causes local
hanges in AVO. On the other hand, the transmission loss affects all
he reflections propagating through the salt body and causes a sys-
ematic decrease inAVO.

Figure 10 shows the combined effects of a truncated salt layer and
eterogeneities onAVO by introducing heterogeneities to Figure 9a.
he correlation lengths of a 2D random field used are 100 m in the
orizontal direction and 40 m in the vertical direction. The rms val-
es used are 1%, 2%, and 3%, respectively. The four panels from top
o bottom correspond to the cases of zero salt, and 20, 40, and

igure 9. �a� Model containing a truncated salt layer and a thin gas
and below the salt layer. �b�AVOs of a thin gas layer with the effects
f salt layer; d denotes salt-layer thickness.
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0-m-thick salt, respectively. The top panel shows the effect of het-
rogeneities on AVO alone. The focusing and defocusing of the spa-
ially correlated heterogeneities produce the local variation in re-
ected AVO values, which becomes significant for the sedimentary
odels with weak reflections. Interpretation of AVO observations

ased on homogeneous elastic models will therefore bias the esti-
ated properties of the target. The periods and magnitude of the lo-

al variations are closely related to the frequency of source, correla-
ion lengths, and rms of heterogeneity. While the overallAVO trends
re controlled mainly by the properties of the target zone and over-
urden structure, these effects can produce different apparent-AVO
rends in different offset ranges. It is necessary to have sufficient ap-

igure 10. AVOs of the thin gas layer with the combined effects of
ateral structure variation and random heterogeneities.
rtures in AVO measurement in sedimentary rocks and to take into
ccount all of the effects of heterogeneous overburdens, including
andom heterogeneities and thin-beds.

CONCLUSIONS

In this paper, we present a dual-domain, one-way, elastic thin-slab
ethod for wavefield and AVO modeling in sedimentary rocks. Nu-
erical results show that the reverberations between heterogene-

ties, which are not accounted for in the thin-slab method, may be ne-
lected in most sedimentary rocks. The wave phenomena of primary
eflection, conversion, focusing/defocusing, interference, and dif-
raction are accurately handled by the thin-slab method. A flexible
hoice of step intervals in wavefield extrapolation makes the method
ery efficient for modeling thin-bed AVO responses, in contrast to
he grid methods, which need very fine grids and therefore may be-
ome very costly.

The combined effects of overburden structure and scattering by
eterogeneities onAVO of a thin bed in shale significantly alterAVO
esponses. Properties of the target zone and overburden structure
ontrol the AVO trends at overall offsets. These effects can produce
ifferent apparent AVO trends in different offset ranges, so it is nec-
ssary to have sufficient apertures inAVO measurement in sedimen-
ary rocks. Scattering associated with heterogeneities increases the
ocal variation in reflected amplitudes, which becomes significant
or the sedimentary models with weak reflections. Without compen-
ation for these effects, interpretation of AVO observations based on
omogeneous elastic-medium assumption will be severely biased.

Complete compensation of wave-propagation effects would in-
olve the effects of intrinsic attenuation and anisotropy. We are
orking on extending the thin-slab method to handle these cases.
he effect of intrinsic attenuation of the background medium can be
asily introduced into the dual-domain �space-wavenumber� meth-
d. More improvements of the thin-slab method are also needed to
nhance the wide-angle accuracy and to handle large-contrast reser-
oirs.
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APPENDIX A

ELASTIC THIN-SLAB PROPAGATORS

The equation of motion in a linear, heterogeneous, elastic medium
an be written as �Aki and Richards, 1980�

− �2��x�u�x� = � · ��x� , �A-1�

here u is the displacement vector, ��x� is the stress tensor �dyadic�,
nd � is the density of the medium. Here we assume no body force
xists in the medium. We know the stress-displacement relation
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��x� = c�x�:��x� =
1

2
c:��u + u � � , �A-2�

here c is the elastic-constant tensor of the medium, � is the strain
eld, u� stands for the transpose of �u, and : stands for double-sca-

ar product of tensors defined through �ab�:�cd� = �b · c�
�a · d�. Equation A-1 can then be written as a wave equation of

he displacement field:

− �2��x�u�x� = � · 	1

2
c:��u + u � �
 . �A-3�

If the parameters of the elastic medium and the total wavefield can
e decomposed as

��x� = �0 + ���x� ,

c�x� = c0 + �c�x� ,

u�x� = u0�x� + U�x� , �A-4�

here �0 and c0 are the parameters of the background medium, ��
nd �c are the corresponding perturbations, u0 is the incident field,
nd U is the scattered field, then equation A-3 can be rewritten as

− �2�0U − � · 	1

2
c0:��U + U � �
 = F , �A-5�

F = �2��u�x� + � · ��c�x�:��x�� , �A-6�

here F is the equivalent body force from scattering.
We can express the scattered displacement field for a thin slab in

he horizontal wavenumber domain as

�z*,KT� = �
z�

z1

dz � � d2xT����2u�xT,z�

+ � · ��c:��xT,z��� · G0�KT,z*;xT,z� , �A-7�

here

G0�z*,KT;z,xT� =
ik�

2

2��2 k̂�k̂�

1

��

e−ik�·r

+
ik	

2

2�2 �I − k̂	k̂	�
1

�	

e−ik	·r. �A-8�

ere, I is the unit dyadic and

�� = 
k�
2 − KT

2

nd

�	 = 
k	
2 − KT

2 , �A-9�

here k� = �/� and k	 = �/	 are the P- and S-wavenumbers with �
nd 	 as the P- and S-wave velocities, respectively; 
 and � are the
amé constant. For isotropic media,

�c�x�:��x� = �
�x����I + 2���x���x� . �A-10�

ubstituting equation A-8 into equation A-7, we can derive the dual-
omain expressions for scattered-displacement fields in isotropic
lastic media.
For P-to-P scattering,

UPP�KT,z*� =
ik�

2

2��
�

z�

z1

dzeikz
��z*−z��k̂�k̂� · � � d2xT

� e−iKT · xT
���xT,z�

�
u�

0�xT,z�

− k̂� � � d2xTe−iKT · xT
�
�xT,z�

 + 2�

1

ik�

� � · u�
0�xT,z� − k̂��k̂�k̂��:� � d2xT

� e−iKT · xT
���xT,z�

 + 2�

1

ik�

��
0�xT,z�� ,

�A-11�

ith kz
� = + �� for forescattering, kz

� = −�� for backscattering, and
ˆ

� = 1/k��KT,kz
��. In equation A-11, u�

0�xT,z�, � · u�
0�xT,z�, and

�
0�xT,z� can be calculated by

u�
0�xT,z� =

1

4
2 � � d2KT�eiKT� · xTu�
0�KT��ei����z−z��,

1

ik�

� · u�
0�xT,z� =

1

4
2 � � d2KT�eiKT� · xTk̂�� · u�
0�KT��

� ei����z−z��,

1

ik�

��
0�xT,z� =

1

4
2 � � d2KT�eiKT� · xT
1

2
�k̂��u�

0�KT��

+ u�
0�KT��k̂���ei����z−z��

=
1

4
2 � � d2KT�eiKT� · xTk̂�� k̂��u�
0�KT��ei����z−z��,

here u�
0�KT�� = �u�

0�KT��� and k̂�� = 1/k��KT�,����.
For P-to-S scattering,

UPS�KT,z*� =
ik	

2

2�	
�

z�

z1

dzeikz
	�z*−z�

���I − k̂	k̂	� · � � d2xT

� e−iKT · xT
���xT,z�

�
u�

0�xT,z�

− �I − k̂	k̂	� · 	k̂	 · � � d2xT

� e−iKT · xT2
���xT,z�

�

1

ik	

��
0�xT,z�
� ,

�A-12�

here k̂	 = 1/k	�KT,kz
	�.

For S-to-P scattering,
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USP�KT,z*� =
ik�

2

2��
�

z�

z1

dzeikz
��z*−z��k̂�k̂� · � � d2xT

� e−iKT · xT
���xT,z�

�
u	

0�xT,z�

− �k�/k	�k̂��k̂�k̂��:� � d2xT

� e−iKT · xT2
���xT,z�

�

1

ik	

�	
0�xT,z�� .

�A-13�

or S-to-S scattering,

USS�KT,z*� =
ik	

2

2�	
�

z�

z1

dzeikz
	�z*−z���I − k̂	k̂	� · � � d2xT

� e−iKT · xT
���xT,z�

�
u	

0�xT,z� − �I − k̂	k̂	�

· 	k̂	 · � � d2xTe−iKT · xT2
���xT,z�

�

�
1

ik	

�	
0�xT,z�
� . �A-14�

n equations A-13 and A-14, u	
0�xT,z� and �	

0�xT,z� can be calculated
y

u	
0�xT,z� =

1

4
2 � � d2KT�eiKT� · xTu	
0�KT��ei�	��z−z��

1

ik	

�	
0�xT,z� =

1

4
2 � � d2KT�eiKT� · xT
1

2
�k̂	�u	

0�KT��

+ u	
0�KT��k̂	��ei�	��z−z��,

here k̂	� = 1/k	�KT�,��	�.
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